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Abstract: In this paper we prove that the defocusing, cubic nonhnear Schrodinger initial value 
problem is globally well-posed and scattering for uq € L^(R^). To do this, we will prove a fre- 
quency localized interaction Morawetz estimate similar to the estimate made in [Tl]. Since we are 
considering an - critical initial value problem we will localize to low frequencies. 

1 Introduction 

The cubic nonlinear Schrodinger initial value problem in two dimensions is given by 

zut + Au = F(n), 
u(0,x) = no e l2(r2), 

F{u) = /u|npti, ^ = ±1, u{t) : R*^ C. When ^ = ±1 (II. ip is called defocusing and when = —1 
(jl.ip is focusing. It was observed in [3] that the quantities mass 



M{u{t))= I \u{t,x)\^dx = M{u{0)), (1.2) 

and energy 

E{u{t)) = \ I \Vu{t,x)\'^dx + ^ I \u{t,x)fdx = E{u{0)), (1.3) 



2 7' ' ' " 4 

are conserved by the solution to (II. ID . When fj, = +1 (II. 3p is positive definite. The initial value 
problem p.ip also obeys a scaling symmetry. If u{t, x) is a solution to (jl.ip on a time interval 
[0,r], then 

ux{t,x) = Xu{X^t,Xx) (1.4) 

is a solution to (jl.ip on [0, A~^T] with u{0,x) = Xuq{\x). This scaling preserves the L^(R^) norm 
of u, 
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||A'Uo(Aa;)||L2(R2) = ||'Uo(x)||i2(R2). (1.5) 
Thus (jl.ip is called - critical or mass critical. 

A solution to p.l|) obeys the Duhamel formula. 

Definition 1.1 n : / x ^ C, / C R is a solution to ([23]) if for any compact J C I , u (z 
C^Lli J X R2) n Ll^{ J X R2), and for all t, to G /, 

u{t, x) = e*(*-*o)^ut„ - i f e'^'-^^^F{u{T))dT. (1.6) 

Jto 

The space Lf ^(^J x R*^) arises from Strichartz estimates. This norm is invariant under the scaling 



Definition 1.2 A solution to (1 i.ip defined on / C R blows up forward in time if there exists to € I 
such that 



sup(/) 

to 



\u{t, x)\'^dxdt = oo. (I-''') 
u blows up backward in time if there exists to ^ I such that 

'■to 
'inf{/) 



/ ° I \u{t,x)\'^dxdt = oo. (1.8) 



Definition 1.3 A solution u{t,x) to () j.ip is said to scatter forward in time if there exists G 
L2(R'^) such that 



lim ||e**^tt+ -u(t,x)||i2(R,d) =0. (1.9) 



i— >oo 



A solution is said to scatter backward in time if there exists U- G L^(R'^) such that 

lim ||e**^n_ - u(t, x) |^2fI,d^ = 0. (1.10) 



Theorem 1.1 // ||iio||L2(R2) is sufficiently small, then (1 j. jp is globally well-posed and scatters to a 
free solution as t ±00. 

Proof: See ^5], [4]. □ 

We will recall the proof of this theorem in §2. [1], [5] also proved (jl.ip is locally well - posed for 
Uo G L^(R^) on some interval [0,T], where T{uo) > depends on the profile of the initial data, 
not just the |l^to||L2(pi2) norm. 
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Theorem 1.2 Given uq G L^(R^) and to € there exists a maximal lifespan solution u to 
defined on I cTl with n(to) = uq. Moreover, 

1. I is an open neighborhood of t^. 

2. If sup(/) or inf (/) is finite, then u blows up in the corresponding time direction. 

3. The map that takes initial data to the corresponding solution is uniformly continuous on 
compact time intervals for bounded sets of initial data. 

4. If sup(/) = 00 and u does not blow up forward in time, then u scatters forward to a free 
solution. 7/inf(/) = —00 and u does not blow up backward in time, then u scatters backward to a 
free solution. 

Proof: See 0], [5]. □ 

There are known counterexamples to (jl.ip globally well-posed and scattering in the focusing case, 
fj, = —1. There are no known counterexamples in the defocusing case. Therefore, it has been 
conjectured 

Conjecture 1.3 For d > 1, the defocusing, mass critical nonlinear Schrddinger initial value prob- 
lem (I j. jp is globally well-posed for uq G L^(R'^) and all solutions scatter to a free solution as 
t — > ±00. 

This conjecture has been confirmed for d > 3. 

Theorem 1.4 When d > 3, (jj.jp is globally well-posed and scattering for uq G L'^(R'^). 
Proof: See [22] for a proof in the radial case, [16j for the non-radial case. 

Theorem 1.5 When d = 2, (| j. jp is globally well-posed and scattering for uq G L^(R^) radial. 
Proof: See [21]. 

In this paper we remove the radial condition for the case when d = 2 and prove 

Theorem 1.6 (j j. ip is globally well-posed and scattering for uq G L^(R^), /i = 

Remark: [21j and [22j also proved global well-posedness and scattering for the focusing, mass- 
critical initial value problem 

iut + Au = -lul'^^'^u, 

' ' (1.11) 
^(O,^) = no. 
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with radial data and mass less than the mass of the ground state when d > 2. Many of the theorems 
used in this paper are true for both the focusing and the defocusing problem. So whenever possible 
we will prove theorems for fi = ±1. 

Outline of the Proof. We use the concentration compactness method, which is a modification of 
the induction on energy method. The induction on energy method was introduced in [S] to prove 
global well-posedness and scattering for the defocusing energy-critical initial value problem in 
for radial data. 2] proved that it sufficed to treat solutions to the energy critical problem that were 
localized in both space and frequency. 

This induction on energy method lead to the development of the concentration compactness method. 
This method uses a concentration compactness technique to isolate a minimal mass/energy blowup 
solution. [21], |22j . and |16j used concentration compactness to prove theorems 11.51 and 11.41 in the 
radial case, (jl.ip is globally well-posed for small ||'Uo||L2(Rd)) so if (jl.ip . /i = +1 is not globally 
well-posed for all uq G L-^(R'^), then there must be a minimum ||'iio||L2(j^d) = rriQ where global 
well-posedness fails. [32j showed that for conjecture 11.31 to fail, there must exist a minimal mass 
blowup solution with a number of additional properties. 

Theorem 1.7 Suppose conjecture \1.3\ fails. Then there exists a maximal lifespan solution u : 
/ X — )• C with ||ii||L2(R2) = w-O) u blows up forward and backward in time, and u is almost 
periodic modulo the group G = (0, oo) x R'^ x R'^ which consists of scaling symmetries, translation 
symmetries, and Galilean symmetries. That is, for any t G I, 

where Qt{x) £ K C L^(R'^), K is a precompact subset o/L^(R'^). 
Additionally, [0, oo) C /, N{t) < 1 on [0, oo), iV(0) = 1, and 

\u{t, x)\'^dxdt = oo. (1-13) 
Proof: See [32] and section four of [30J. □ 

Remark: This is also true of a minimal mass blowup solution to the focusing problem (II. lip . 
To verify conjecture 11.31 for d = 2 it suffices to consider two cases separately, 

noo 

N{tfdt = oo, (1.14) 
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and 



/•oo 

Jo 



N{ty^dt < oo. (1.15) 

As in [16j we preclude the scenario N{t)^dt = oo with a frequency localized interaction Morawetz 
estimate. (See |11) for such an estimate in the energy - critical case. |11) dealt with the energy - 
critical equation and thus truncated to high frequencies). In this paper we use the two dimensional 
interaction Morawetz estimate proved independently in [7] and |i25j . 

|||V|^/^|-u(t,x)|^||^2^(jQ^^]^j^2) < ll^(*i2;)|||c«i2([o,T]xR2)ll'"(*'2;)||^oo/fi([o,r]xR2)- (1-16) 

This estimate scales like N{t)^dt, and in fact is bounded below by a constant times this quantity. 
Therefore, to exclude (jl.l4p we prove 

Theorem 1.8 // JjN{tfdt = K, and C is a large constant, independent of K, then 

[ f \\V\'/^\P<cKn{t,x)\^\^dxdt<^,^ao{K). (1.17) 

This leads to a contradiction when (jl.l4p holds. As in the case when d > 3, truncating in frequency 
necessarily introduces error in the interaction Morawetz estimates. To do this when d > 3 it sufficed 
to prove 

Theorem 1.9 Suppose J C [0,oo) is compact, u is a minimal mass blowup solution to for 
fi = ±1, d > 3, and fj N{t)^dt = K. Then there exists a function p{N), p{N) < 1, limiv->oo p(A^) = 
0, such that for N < K, 



\\P\i~m\>N^\\ , ^ <mo,d p{N)i^f/\ (1.18) 

Proof: See [16]. □ 



However when d = 2 the endpoint Strichartz estimate for the admissible pair (2, oo) is no longer 
available. Therefore, in §§4 — 5 we will have to work substantially harder to build a version of (ll.lSp 
adapted to dimensions d = 1,2. Since we are truncating to low frequencies, our method is very 
similar to the almost Morawetz estimates that are often used in conjunction with the I-method. 
(See [I], [S], [2], US], [S], IS], [IZ], [E], [S], and dU for more information on the I-method.) 

We will also use the estimates in §§4 — 5 in order to preculde the case ()1.15p by proving additional 
regularity. This method is similar to the method used in [21], [3l], and [22]. In particular u{t) € 
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Lj°ijj([0, oo) X R''). Since / N{t)'^dt < oo, N{t) \ as t — > oo, this contradicts conservation of 
energy. 

2 Function Spaces and linear estimates 

Linear Strichartz Estimates: 

Definition 2.1 A pair {p, q) will he called an admissible pair for d = 2 i/ 1 = 2(^ — i), and p > 2. 
Theorem 2.1 Ifu{t,x) solves the initial value problem 

iut + Au = Fit), 

on an interval I, then 

ll^llL^L|(7xRd) ^p,q,p,q I^O llL2{Rd) + W ^ W Lf Ll' [I xR-iy (2-2) 

for all admissible pairs {p,q), {p,q)- p' denotes the Lebesgue dual of p. 
Proof: See [29]. 

(j2.2p motivates the definition of the Strichartz space. 
Definition 2.2 Define the norm 

Iklls^/xRa) = sup \\u\\lpl%{IxR'2)- (2-3) 

(p,g) admissible 

50(7 X r2) = {u : ||^x||sO(,xR2) < oo}. (2.4) 

14^e also define the space N^(I x R^) to be the space dual to S^{I x R^) with appropriate norm. By 
theorem \2.1\ 

ll'"llsO(/xR2) < ||'Wo||l2{R2) + ||i^||ArO(/xR2)- (2.5) 

Theorem 2.2 (| j. jp is globally well-posed when ||'UollL2{Rd) is small. 
Proof: By and (123]) . 

J(-oo,oo)xR2) ^ II^^o||l2{R2) + Il^^lli4 j(_oo,oo)xR2)- (2-6) 
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By the continuity method, if ||iio||L2(j^2-) is sufficiently small, then we have global well-posedness. 
Moreover, for any e > 0, there exists T(e) such that |ln||^4 ([t,oo)xR2) < Then 



u{t) =e'^'-^^^u{T) -i e^(*-")^|n(r)|2n(r)dr, (2.7) 

Jt 

so by (12. Sp . when t >T, 

||^(t)_e^(*-m^(T)||^,(^,)<,3. (2.8) 

Therefore, the limit 

u+ = lim e-*^(2-^)A^(^(2-'=)) (2.9) 

fc^oo 

exists, and 

lim \\u{t) - e'^^u+\\L2m2) = 0. (2.10) 

An identical argument can be made for t — oo. In fact, if \\u\\i^a ((_oo,oo)xR2) ^ C*, then (— oo, oo) 
can be partitioned into ~ subintervals / with ||u||2,4 (/xR^) — on each subinterval. Using the 
Duhamel formula on each interval separately, we obtain global well-posedness and scattering. □ 

So to prove (jl.ip is globally well-posed and scattering it suffices to prove that if u is a solution to 

dni), 



II* JRXR2) < (2-11) 



for all no G L^(R^). Define the function 



A{m) = sup{||n||i4 j(_^^^)xR2) : ^ solves (HI]), ||'u(0)||i2(R2) = m}. (2.12) 
If we can prove A{m) < oo for any m, then we have proved global well-posedness and scattering. 

Using the stability lemma from [32j, A{m) is a continuous function of m, which implies that 
{m : A{m) = oo} is a closed set. This implies that if global well-posedness and scattering does 
not hold in the defocusing case for all uq € L^(R'^), then there must be a minimum rriQ with 
j4(mo) = oo. We will discuss the properties of a minimal mass blowup solution more in the next 
section. 

Littlewood-Paley decomposition: We will also need the Littlewood-Paley decomposition at 
various points throughout the paper. Let (j) G (R^), radial, < </> < 1, 
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Then define the frequency truncation 

HP<NU) = 0(|)n(e). (2.14) 

Let PyNU = u — P<nu and Patu = P<2nu — P<nu. If x{^) = 0(f) — 4>{x), Pn is the Fourier 
multiplier 

^{Pnu) = x(|)n(e). (2.15) 

Since we are dealing with the critical initial value problem, we know that the norm of u is 
bounded, so for any s > 0, 

It-P<1'U||^S(R,2) < ||'U||^2(R2). 

Because of this, it is not very important to distinguish between different dyadic frequencies 2'^, 
when k <0. Therefore, we depart from the customary notation and say 

P1/2U = P<iu. (2.16) 

This will simplify some notation later. 

We will also want to make a Littlewood-Paley decomposition with 7^ at the origin. Let 

P,v,^o^ = e'"-«°P7v(e-^"-«°n). (2.17) 
We can similarly define P^o,Nj P^o,>n^ etc. We will let 



Pj^^^^u = e-"-««P/v(e*'^-^''u) = e-^^«»P^(e-^^-«on). (2.18) 
Function Spaces: We utilize the function spaces used in 



Definition 2.3 Let l<p< 00. Then C/£ is an atomic space, where atoms are piecewise solutions 
to the linear equation. 

= E Mt.M^''''n,, Il^'^'lli^ = 1- (2-19) 

k k 

Then for any 1 < p < 00, 

\\u\\ijp^ = inf{^^ \cx\ : u = ^^CA^^;^,^^A are atoms}. (2.20) 
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For any 1 < p < oo, C L°°L^. Additionally, C/£ functions are continuous except at countably 
many points and right continuous everywhere. 

Definition 2.4 Let I < p < oo. Then is the space of right continuous functions u € L°^[L'^) 
such that 



blir.P = \\vrr^.,r.. + sup ^ \\e-''^\{tk) - e-''^+^^v{tk+i)\\l2. (2.21) 



The supremum is taken over increasing sequences t^. 
Theorem 2.3 The function spaces obey the emheddings 

UicVlcUlcL'^iL^), p<q. (2.22) 
Let DU^ be the space of functions 

DUl = {{idt + A)^; u G Ul). (2.23) 

There is the easy estimate 

\Mul < hm\L^ + Wiidt + dl)u\\nul- (2.24) 
Finally, there is the duality relation 

{DUir = v(. (2.25) 
These spaces are also closed under truncation in time. 

XI -.ul^ ui, 
XI -.vl^ VI 

Proof: See [H]. □ 

Lemma 2.4 Suppose J = /i U I2, h = [a, b], I2 = [b, c], a < b < c. 

ll^llLf^(JxR) - ll^llir^C/ixR) + ll^llirP{/2xR)' (2-2'') 

\W\\ul(hxR) < IMuliJxRd). (2.28) 



(2.26) 
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Proof: Let u be a atom supported on Ii and v he a atom supported on l2- Suppose 

K 
k=l 

and 



1=1 

Then 

K L 

is also a atom. Moreover, 

CiU + C2V={\ci\P + \c2n^/Pw. 

Now take 

Suppose X] |cai I = Cl and X] I^Aa I = C'2- 



CAi^Ai + X] ^^2^X2 = ^Ai + X] 



C2 ^1 ' ^ Cl 
Therefore, 



h + v\\u^^ < Y \cxA\ca\^ + "^Wui < CiC2{^^ + ^f/p = {Cl + cif/p. 

This completes the proof of the lemma. □ 

Remark: An atom that is the sum of an infinite number of e**^iifc can be approximated by a finite 
sum. 

Linear and Bilinear Estimates in two dimensions: Combining theorem 12.11 with 12.31 

Proposition 2.5 Let p, q be indices satisfying 

2 2 

- + - = 1, 

P q (2.29) 
2 < p < 00. 

Then 
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IblliJ'LK/xR^) ^ lblll/^(/xR2)- (2.30) 

Proof: This follows by checking individual atoms. See [21] for more information. □ 
Proposition 2.6 If uq is supported on |^| ~ N, vq is supported on |^| ~ M, M « N, 

||(e^*^«o)(e^*%)|lL?,^(RxR2) < (^)'/'lko||L2(R2)||^;o||i2(R2), (2.31) 

and 

\\{e''^no){e-''\o)\\LlJRxR^) < {^)'^'\Wo\\LHR^)\\vo\\LHK2y (2.32) 

Proof: See [Ij. □ 

Corollary 2.7 Interpolating the previous two propositions 



^^*^no)(e±^*^^;o)|lL?L|(RxR2) < (^)'/"II^o||l2(r2) II^oIIl^cr^), (2.33) 



/or i + i = 1, 2 < p < oo. ^/so, 



I^^|Il?l|(/xr2) ^ C-^y^^\\u\\ul{ixR^)\Hul{ixR.^)^ (2-34) 



We will also need a subcritical bilinear estimate. 



™llLfL|(/xR2) < (ir^)^''^lkllc/£(/xR2)ll^'lll/^(/xR2)- (2-35) 



Proposition 2.8 For q > ^, if the Fourier supports of uq and vq are separated by distance > cN , 
and uo(C) ^''^d %{£,) are supported in \(^\ < N, then 

||(e'*^no)(e^*^t;o)||i.^(R><R2) < C{c)N^-^/i\\uo\\L2^n^)\\voh2^n^y (2.36) 
Proof: See [28]. □ 

Corollary 2.9 Suppose N2 « N. //no(0 ('■''^d t)o(0 ^'"^ supported on |^| ~ N, then 

||^JV,((e^*'^no)(e**^^;o))||LL(RxR2) < N'-^^'hoWmn^^Wvoh^K^y (2.37) 
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Proof: Take a smooth partition of unity such that 

^Xn,m(.x) = 1 

on [^1 < N, each Xn,m is supported on the 2N2 x 2N2 square [nN2, (n + 2)A^2] x ['mN2, (m + 2)N2]. 
Let 

= Xn,m(e)/(0- (2.38) 
||P;v.((e**^no)(e^*^^o))|lL?,jRxR^) 

I"il + l'»lh^>2| + |m2|-^ |ni+n2|<10>2+m2|<10 

<^2-4/g ^ ||-Pni,mi?^0||L2(R2)||P„2,m2^'0||L2(R,2) 

k*i+n2|<10,|mi+m2|<10 

The last inequahty follows by Cauchy-Schwartz since for each (ni , mi) there are only a finite number 
of pairs (71-2, such that |rai+n2| < 10, |m-i+m2| < 10. The second to last inequality follows from 
the fact that {ni—n2) + {ni+n2) = 2ni, (mi — 7712) + (mi +7712) = 2mi and |mi| + |7Zi| ~ >> 10. 
□ 

Corollary 2.10 When § < Ni, N2 < and J is an interval, 

\\Pn,{{v){Pn,u))\\^2+^3/2^j^^,^ < — i^ll^'llt/2+(jxR2)ll^'wi^^llc/2+(jxR2), (2-39) 

\\{Pn,u){Pn,u)\\^,+^3J2^j^^,^ < —^\\PN2u\\ui+(j^n^)\\PNMul+iJx-R^y (2-40) 

and 

1 

\\{PNiU){Pn2u)\\^2^1/2+^j^-^2) < ^i/3_ ll-PiV2^llc/i(JxR2)ll-PiVi'»l[c/2(JxR2)- (2.41) 



By the Arzela - Ascoli theorem and theorem 11.71 



/ \u{t,x)fdx<rj, (2.42) 
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/ \u{t,0\^d^<rj. (2.43) 

j\i-m\>ciii)Nit) 

One difficulty in going from radial solutions to nonradial solutions is that in the radial case x{t) = 
^(t) = 0, while in the nonradial case (,{t) and x{t) are free to move around in R^. A weapon that 
partially counters the movement of ^(t) is the Galilean transformation. 

Remark: We will not be particularly concerned with the movement of x{t), since we are using the 
interaction Morawetz estimates. 

Theorem 2.11 Suppose u{t,x) solves 

iut + Aii = -F(u), 
u(0, x) = Uq. 

Then v{t,x) = e~**l^°l^e*^'^"M(t, x — 2^0^) solves the initial value problem 

ivt + Af = F{y), 
t;(0,x) = e^^-«OM(0,x). 
Proof: This follows by direct calculation. □ 



(2.44) 



(2.45) 



If u(t,x) obeys (|2:i2D and (|2:i3D and v{t,x) = e-**l«ol'e"-«OM(t, x - 2^oi), then 

/ \v{t,i)\^di<7^, (2.46) 

j\(i-io~m\>c(v)N{t) 

and 

\v{t,x)\^dx <r]. (2.47) 



L 



|x-2?ot-x(i)|>§^ 

Remark: This will be useful later because it shifts $^{t) by a fixed amount .^o £ For example, 
we can set .^(0) = 0. 

Lemma 2.12 If J is an interval with 

IkllLtJjxR^) < C, (2.48) 

then for ti,t2 S J, 

N{ti) ~c,mo Nit2). (2.49) 
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Proof: Without loss of generality suppose J = [0,T], A^(0) = 1 and ^(0) = 0. By time reversal 
symmetry, it suffices to show 

N{t) < 1 

for all t G [0,T]. 

Let 7] = and eo > very small. Suppose \\u\\j;^i ([ot]xR2) ^ ^o- By the Duhamel formula, 

u{t, x) = e''^u{0) - i f e'^''^^^F{u{T))dT. (2.50) 



Since iV(0) = 1 and ^(0) = 0, (f2:i3|) implies 
which in turn implies 

! 2 W'^P ^2 um^dx<^. (2.52) 

By Strichartz estimates, 

II re^(*-^)^|n(r)|2n(r)dr|i^2(K.) < Cel (2.53) 

Fix eo > sufficiently small so that Cef] < ^^j. By Holder's inequality and the Sobolev embedding 
theorem, 

/ 2 W'^-P ^2 tx(0)pdx< , ° . (2.54) 

By (j2.42p and the conservation of mass, 

99m~ 



< / 2 \u{t,x)\^dx. (2.55) 

100 7i,_,(t)i<c(^)^ 



Combining (I232D . (I233D . and (f23D . 

100 - L ,.a)|<c(d)^ " 100 iV(t)2 



|x-x(t)|<C(^)4^ 

Therefore N{t) must be bounded on [0, T]. 
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Now if \\u\\]^i ([o,t]xr2) ^ C", partition [0, T] into ^ subintervals and iterate. □ 

We can control the movement of £,{t) with a similar argument. 
Lemma 2.13 Partition J = [0, Tg] into subintervals J = UJk such that 

ll"llL*JJfcxR2) < eo- (2.56) 

Let N{Jk) = supigj^ N{t). Then 

\m-aTo)\<^Ni.h), (2.57) 

k 

which is the sum over the intervals J^. 

2 

Proof: Again take rj = jqj^. Let ti,t2 £ Jk- By Strichartz estimates, 

II jj"*e'(*--)^|n(r)pu(r)dr||^.(i,.) < (2.58) 



By ([2:12]) and (I2:i3]) 



and 



|n(ti,e)Pde<^, (2.59) 

i-i{t^)\>C{^,)N{H) 



mo 
1000' 



,2 



|n(t2,e)Pde<^. (2.60) 

l5~C(i2)|>c(^)JV(t2) 1000 

By Duhamel's formula, conservation of mass, ()2.58p . ()2.59p . and ()2.60p . the balls |C ~ C(^)l ^ 
C{^)N{h) and \i - m\ < C(^)iV(i2) must intersect, so |e(ti) - ^(^2)1 < 3C{{^){N{ti) + 
N{t2)). By the triangle inequality and lemma [2. 12^ 

lan) - m\ < E - < E ^('^'^)- (^.ei) 

□ 

Next, we quote a result, 

Lemma 2.14 Ifu{t,x) is a minimal mass blowup solution on an interval J, d>l, 

r 2(d+2) r 

/ N{tfdt < ||n|| 4^ < 1 + / N{tfdt. (2.62) 



15 



Proof: See [22]. □ 



In fact, more is true. 

Lemma 2.15 Suppose u is a minimal mass blowup solution with N{t) < 1. Suppose also that J 
is some interval partitioned into subintervals Jk with ||u||^4 (j^xR^) = ^0 on each J^. Again let 



N{Jk) = sup N{t). (2.63) 



Then, 



Proof: By lemma [2.141 



Y,N{Jk) ^ J^N{tfdt. (2.64) 



/^iV(t)'<ll^lli4^(,xR^). (2.65) 

Since \\u\\lIjj^^-^2) = cq, by i^M), 

N{tfdt < N{Jk) [ N{tf < e^oN{tk), 



Jk J Jk 

SO 

Nitfdt<Y,N{Jk). 

Jk 

On the other hand, by the Duhamel formula, 

MifLUJkxn^) ^ II^^o||l2(r2) + lklli4^(j,xR2) ^ 1- (2-66) 

Interpolating this with 

\\'^\i-m\>c{v)N{t)\\L^LiiJkX-R^) <'n^^'^, (2.67) 

we have 

ll"l«-CWl>cC';(^o))JV(i)llL4^(jfexR2) < (2.68) 
for a small, fixed r/(eo) > 0. By the Sobolev embedding theorem, 

\\'^\i-m\<C(r,(eo))N{t){t)\\Lt(ji2^ < [C {rj{eo))N {t)]'^ . (2.69) 
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Therefore, 

4< f C{i^{eo)fN{tfdt. 
Since N(ti) ~ N{t2) for ^1,^2 G Jk, this imphes 



< / Nitfdt. (2.70) 
Summing up over subintervals proves the lemma. □ 

Remark: By lemma [2.131 \C{ti) — < N{J) for ti,t € J, \\u\\i4 (jxrz) < eo- Combining this 
with lemma [2.151 possibly after modifying C(ry) by a constant, we can define ^(t) : R — > R^, C(r/) 
that satisfy (f2:i2]) and ([MS]), and 

r(t)|<iV(t)^ (2.71) 

ljC'{t)\dt< I N{tfdt. (2.72) 
C(?7) will not be modified from this point onward in the paper. 

3 A norm adapted to N{t) constant 

As a warm-up, we will treat the minimal mass blowup scenario N(t) = 1, (^(t) = 0, /x = ±1. 
Rescaling, 

1 t X 

uxit,x) = ju{^,j), (3.1) 

N{t) = J. Choose e > small. We will treat the case N{t) = 5{e), 5{e) > sufficiently small so 
that 5 < e^^, and dropping the A from ux(t), 

ll-P aV2u(t)||2,j«L2((_oo,oo)xR2) < e, (3.2) 

32 

and for any a € R, 

lhllL4^([a,a+l]xR2) < eo- (3.3) 

The semi-norm we are about to define is adapted to the case N{t) = 6. This adaptation allows us 
to bound this semi-norm when u{t) is a minimal mass blowup solution by making small data-like 
arguments. This semi-norm will be generalized in the next section to treat the case when N(t) and 
^(t) are free to move around. 
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Definition 3.1 Let Nj be a dyadic integer. 

-^ — 1 

II l|2 = \^ _i \^ IIP ||2 

ll^llx^ - jV- 2^ \\'^^^'^\\ul{[kNj+lNi,kNj + {l+l)N,]xR2) 

^ l<N,<Nj ^ 1=0 (3.4) 

+ X] \\^NM\ul{[kNj,{k+l)Nj]xI{?)- 
Nj<N, 

Now, when M is some dyadic integer, define 

II^IIxm([o,m]xR2) = sup sup \\uf^k . (3.5) 

l<iV,<Mo<fc<*L 

Similarly, it is possible to define 

(3.6) 

for any a € R. 

Remark: ||u||jf^^([o,M]xR2) is a semi-norm since for any /(t) supported on |^| < 1, ||/(t)||xM([o,Af]xR2) = 
0. Therefore, we need to say something about the behavior of a minimal mass blowup solution at 
low frequencies. 

Lemma 3.1 Suppose u{t) is a minimal mass blowup solution to (li.ip . and J is an interval with 

II'"IIl4^{JxR2) < eo, (3.7) 

and N{t) = 5 on J. Then 

(3.8) 

Proof: Let J = [a,b]. By Duhamel's formula, for t J, 

u{t) = e'(*-'^)^'u(a) - i f e'^'-^'>^F{u{T))dT. (3.9) 

J a 

Therefore, 

ll^llLfL6(JxR2) ^ \\u{a)\\L2{n2) + Il^^lli4 JJXR2) < 1- 

Since 

ll-P, il/^^^(0llLf>L2(JxR2) < e, 
^ 32 
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^32 

Also, 

< ll^^iV2^i||L-L|(JxR2)lklli3i6(JxR2) < 

Remark: Using the exact same arguments, if J is an interval with 

hhi jjxn^) < eo, (3.10) 

ll-P>MZ)«lll/^(jxR2) ^ e- (3.11) 

Theorem 3.2 Suppose u{t) is a minimal mass blowup solution to 

iut + Ati = -F(n), 
n(0, x) = no- 

There exists a fixed constant C such that for e, 5{t) > sufficiently small, N{t) = 5, 



so 



n 



lxi{[a,a+l]xR2) < Ce. 



(3.12) 



II«IIxm{[o,m]xr2) < C'e (3-13) 
/or all dyadic M , \ < M < oo. C does not depend on e. 

Sketch of Proof: Theorem 13.21 is proved by induction. By lemma [3Tl 

llA^^(0llt/i([a,a+l]xR2) <Ce, (3.14) 



Suppose that for any dyadic integer M, 1 < M < oo, 

C C 

ll^^llxM([a,a+M]xR2) < ^(e + \\AxM{[a,a+M\xIi?))^ (3-15) 

C is independent of e > 0. Then we are able to prove theorem 13.21 by induction. Suppose that for 

M < A^, 

ll'"(OllxM([a,a+Af]xRd) < Ce, (3.16) 
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for a fixed constant C, e > 0, and for any a € R. Then making a crude estimate, 

lk(*)llx2iv([a,a+27V]xR<*) < 2Ce. (3.17) 

By ^M, (EHI), 

ll^(0llx,^.([a,a+27V]xR^) < + ^ {e^ + {2Cef) . (3.18) 
For e > sufficiently small, this implies that for a G R, 

Ik(*)llx2iv([a,a+27V]XR2) < C(^, (3-19) 

closing the induction. □ 

The proof of an estimate of the form (j3.15p will occupy the bulk of the paper. In fact, we will 
prove an estimate of the form (j3.15p for a generalization of |K||j\:A/([a,a+M]xR2) used to treat the 
case when N{t) need not be constant. (j3.15p is a special case of the more general result. 

The purpose of this section is to discuss the simpler case in the hopes that the main idea is more 
evident, since it is not obscured by the technical details that arise when N(t) and (,{t) are free to 
move around. 



4 Estimates when N{t), ^{t) are free to vary 

In this section we will define the seminorm Xjvf([0, T] xR^), which is a generalization of Xjvf([0, M] x 
R^) adapted to the case when N{t) and ^{t) are free to vary. Instead of rescaling to set N{t) = 5, 
we will rescale so that the mean of N{t) is equal to 6. 

Suppose M is a dyadic integer, [0,T] = U^-^J/, with \\u\\^i (j;xR2) = ^o, and J^^i^i) — We 
will call the individual Ji subintervals the small intervals. We want to partition [0, T] at level A', 
for 1 < iVj < M. If N{Ji) > ^ then we will call J/ a red interval at level Ni. 

A union G = UJi of Ni consecutive small intervals with 

N{Ji) < 6Ni 

JiCG 

and N{Ji) < for each Ji <Z G will be called a length green interval at level N^. A union G of 
< Ni consecutive small intervals J; with 

^ < 5: N{J,) < 6N, 

JiCG 
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will be called a weight green interval at level Ni. 



A union Y of < Ni consecutive small intervals with 

JlCY 

will be called a yellow interval at level iVj. 

[0, T] can be partitioned so that every yellow interval Y lies immediately to the left of a red interval, 
or that T & Y. We can apply a simple algorithm to accomplish this. If there is a yellow interval 
Y, and the small interval Ji to the right of Y satisfies N{Ji) < ^ then we take Y U Ji = Y*. Y* 
is the union of < small intervals with 

If Y* is the union of small intervals then Y* is a length green interval. If 

^ < 5: N{J,) < SNi, 

JlCY* 

then Y* is a weight green interval. If 

JlCY* 



2~ 



and Y* is the union of < small intervals, then Y* remains a yellow interval. If T ^ F* and 
the small interval to the right of Y* is not red, then repeat the above procedure until [0, T] is 
partitioned appropriately. 

Remark: [0, T] is a green interval at level M. 

Remark: The reader should think of the yellow intervals at level as the scraps left over after 
carving out the red and green intervals at level iVj. 

Because ^(i) can travel around in R^ we place some additional restrictions on 6{e). d{e) < e^°, 

ll-Pm),>^^^llir^S((-oo,oo)xR2) < e, (4.1) 
and for ti,t2 € Ji, Ji is a small interval, 
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mi)-at2)\<2-''^. (4.2) 

This is possible by ()2.43p . lemma [2. 121 and lemma [2.13[ 

Definition 4.1 For a green interval G^^ = [a,b], let^{G^^) =^{a). ^{Y^^) and^{R^*) are defined 
in a similar manner. 

If G^^ is a green interval at level Nj , 



|2 



■ >^ IIP JV,. jv- N- + sup sup \\P^,^,N,, N. ^ ^ U\\ „, „■ 



(4.3) 

For a yellow interval at level Nj, 



|2 



|2 



+ / ll-P , iVis iV- ^IP N- + sup sup l|-P,/,^JViN JV, ^ Mir , , JV. 

(4.4) 

l|ii|li^ /rn^i TiwN = sup sup ||n|P JV + sup sup ||n|P n- ■ (4.5) 
llx.ao,T]xR.) ^^^.^P^^^l llx(a,^) i<4m,^;v,^;^; 

^/so /or a dyadic integer N , 1 < N < M , 

/rr,mi T^ri\= sup sup llulP JV- + sup sup ||ti|P jy. . (4.6) 

We first prove than an estimate on ||n|| jv, gives control over ||P/v.ti|l ^ jv, , for a dyadic 
frequency Ni, as well as an estimate of IIPat uII „ „ iv, ^ when ip.q) is a d-admissible pair. 

Lemma 4.1 For a dyadic frequency 1 < Nj, 
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Similarly, 



^^^^^^^ ^ G-^nv:V0 yj^nv^ve " 

Finally, for 1 < Ni < Nj, suppose {p,q) is a d-admissible pair. 



and 



Proof: First consider 



+ E E ll^^(H-^),^.^ll?.i(.J-^xR^)- (4-13) 

By the definition of X{G^'), KTT\i < . Next, 
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•Jl^^k - 51/2 "''CGj. 1/2 SJVjS 4 



^ ^ 2N{Ji) , 2N{Ji) ^ , 
The last inequality follows from 

^ N{Ji)<6N„ 



combined with the fact that — ^(^2)! < ^ ^Va^"^'^ ^^'^ ^i)*2 G <^/- 

Finally, let tJ{l^jy' n G^^ ^ 0} denote the number of yellow intervals at level Ni that overlap 

Let tJ{-R^' C } denote the number of red intervals at level Ni that are subsets of G^^ . We have 

n Gf^ / 0} < ni?^^ c + 1. 



Therefore, 



Therefore, < 



It is clear from the definition of ||n|| at, that 



y \\p 



|2 < ||„,||2 



This proves ()4.7p . A similar argument proves (j4.8p . 
Remark: The estimates 
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E (^)K^i^^nGf^V0}<i (4.14) 



l<Ni<Nj ^ 



and 



will be useful at various places throughout the rest of the paper. We can make the same estimates 
for ^{Y^^ n Y^' ^ 0} and R^;, C Y^\ 

Moving on to (gj]) and (ITOjl . for ti,t2 G G^', - Cih)] < So for Ni > Nj, by 

Strichartz estimates 

If Ni < Nj, G^^ overlaps < (^) green intervals at level N^. This is because G^^ is a union of 
< Nj small intervals, ^ N(Ji) < SNj, and because every green interval at level Ni is either 

a length green interval or a weight green interval. 

also overlaps < (^) yellow intervals at level Ni. This is because ]\{Y^^ ^^k^ 7^ 0} < i^a" <^ 

G^'} + 1 and N{R^;,) > Similarly, F^^^ overlaps < (^) green intervals at level iV^ and < (^) 
yellow intervals at level Ni. For Ni < Nj a green or yellow interval at level Ni overlaps < 2 green 
or yellow intervals at level Nj. 

These facts concerning the overlap of green and yellow intervals will be hugely important throughout 
the rest of the paper. 

Finally, for h,t £ G^^, ti,t £ YJ;^^, and h,t E ii^? when iV(/?^?) < \C{ti)-m\ < 2~^^N2. 

Therefore, 



E 



<^nG,V0 



E 



+ E ll''"LfL|(R^2xR'^)+ ^ "^?(<,?).^<-<4JV2^llLPiJ(fi^^2xR.) 
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<(^)(<5V2+,P+||^||P ). 

This completes the proof of the lemma. □ 

This paper addresses the - critical initial value problem for d = 2, and a subsequent paper will 
address the case when d = 1. Therefore, we want to prove a result similar to theorem 13.21 for d = 1, 
2. 

Theorem 4.2 Suppose u{t) is a minimal mass blowup solution to 

iut + Au = F{u), 

u{0,x) = no G L^(R'*), 



for d = 1,2, n = ±1. There exists a constant C such that for e > 0, 6{e) > sufficiently small, for 
any dyadic integer M , if there exist small intervals Ji with 

[0,T]=ufl,Ji, 
j,c[o,r] 

and 

\\u\\ 2(d+2) = eo, 

then 

\MxM([0,T]xR'i)^'^^- (4-17) 

In order to prove this theorem we will use two intermediate lemmas whose proof will be postponed. 
Lemma 4.3 If u{t) satisfies the conditions in theorem \4.2[ then 



hf N- <e^ (4.18) 

(4.19) 
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+ rrnrivRdO^ ll-P . Jv, uf, n- (4.20) 
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+ (e+ll^*llx^^([0,r]xRd))' Yl ^ Yl (^)'^^ll^5(G^>),iVi^llc/i(G^'xR'^))' 



(4.22) 



+ (e + ll^^llY anrixRdO^ V ( V (l^^)^^^!!^, ^r. "II 2. ^, .^)^ (4-23) 

V II IIXiv-dO.TJxR")^ \ ) II £ G, ^ ,Afi "(72 G.^xRdy ^ ^ 

+ (^ + ll"llx..^([o,T]xR^))' s;iP sup ( (^)'^'llV."').iv.^llc/i(y-»xR^))'- (4.24) 

Similarly, we prove 

Lemma 4.4 If u(t) satisfies the conditions in theorem \4-^ then 



\\uf N- <e^ (4.25) 

+ hllxjv^([0,r]xRd))^ (7^) Yl Y ll-^?(G^'),7Vi"ll?|2(G^»xR<^) 

(4.26) 

+ (e+ll'"llv an-rivRd^)^ IIP, iv, ull^ N- (4.27) 

V II llX^^.([0,T]xRd)y II 5(y^.),^, "[/i(y,^^xR<') ^ ^ 

JVj<7Vi max(l,|i)<Afi<32Afi 

+ (^+IKIIx.^.([0,T]xR^))' ^^UP sup. E IIV."0,iV,^ll?..(y-«xR^) (^'^S) 

1<7V.<7V, yN.^y^ , „,ax(l,§)<JVi<32^,. 
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(4.29) 

+ ffnrixRdO^ y ( V {?^)^^^\\P ^„ ,f (4-30) 

+ (^+ll«llx,^([o,T]xR^))' sup ( (^)'^'llV<fO,^i^"f/i(v."^xR<^))'- (4-31) 



Proof of Theorem \4-^ assuming lemmas \4-3\ and \4-4\ ' The goal is to obtain an estimate similar to 
(|3.15p . from which it will be possible to make a continuity argument to prove theorem] 

Terms (|4:24ll and ()43T]l : For 1 < iVj < Nj, Ni > Ni, 



Therefore, 



Similarly, we have 



(1121 < (e' + llnll- }\\u 



e30<(^^ + iHiL,)NiL 



J 3 



Terms ([4723]) and (|4:30|) : By Holder's inequality, 



^V'-WH II 



327Vi<Ari 

Because ||/ * < II/IIli IIsIIli , 

j^U/4|[p ||2 
^AT^^ II 5(G^^),JVi ll[/i(G:^xR'^) 



Nj<Ni 32Ni<Ni 

xjv^.([o,T]xR<^)^ "'""x{G;^^y 



< (' _i_ II II "i^ii ||2 

~ + IPIIx„.ao.TlxR''V 11"" 
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Similarly, 



Terms (ICT^ and (|4:28D : For any YJ^^ C [0,r], iV^ < A^^-, by (gSD and - ^(^^^01 < 
2-20^1/2^^ ony„^i, 



|2 

5(^<;''),Afi"'"c/2(y^'»xRd) "^5(ya'"),A^i"'''c/i(ya''xRd) 

max{l,^)<Ari<32Ar, A^«<A'i 



7/l|2 

,JVi i'c/i(yJixR'*) 



This implies (|OT]) < (e^ + lluf- )2 and (g^SD < (e^ + j^- 



Terms ([4720]) and (147271) : 

Analogously, using (jiTT]) and (jiTSj) . for A'j- < A'j, 



V V ll-P ^, iv. ^\\uf N- (4.32) 



Wj<A^i max(l,-^)<Afi<32Ar, 



and 



V 11^, uf N- <\\uf N- (4.33) 

^ Z^ II llc/i(y,^xRd) II llx(y,^) ^ ' 

Therefore, (OOD < (e^ + \\u\\% f and (lOTD < (e^ + llnlP- )2. 

Terms ([4722]) and ()4729]) : 

Now apply Holder's inequality to (|4.22|) . 

( E (^)'^'ll^5(G:»),^,"lll/i(G:»xR'*))'^ E ^w/^^KiG^^N.^'Wll^G^^^n-'y 
32N,<Ni ^ 32Ni<Ni ^ 
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At each level 1 < Ni < Nj there are at most two green intervals that overlap G^^ but are not 
subsets of we'll call them G^' and G^* for left and right. 

l<Ni<Nj ^ 32Ni<Ni /iv ' ziv K / 

\<N^<Nj ■> 32Ni<Ni ^ 

Now take G^' C ^ or C F^! ' . Recall that for A^i > N, a green interval at level A''i overlaps 
< (^) green intervals G^^ and a yellow interval at level Ni overlaps < (^) green intervals G^\ 
Finally, if J; is a red interval at level Ni , then Ji is a red interval for < Ni, so a green interval 
at level Ni will not contain any red intervals at level Ni. Therefore, for Ni > N^, 

IIP 11^ 



(4.34) 



This implies 

.Ni. ^ ^ N, 



2 

l<Ni<Nj ^ r^Ni 32Ni<Ni<Nj 



^ 'AT/ ^ ^ 'A-/'iV/ " ?(Ga'),Afi "[/KG^ixRd) (4.35) 



N/ ^ ^ ^Ni'^N^' " €(G„'),iVrNc/2(G^ixRd) 



l<Ni<Nj ^ 32Ni<Ni<Nj N, ^^-j 



32<iV,<7V, ^ G^inG^V© 1<^»<^ 
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Next, using (gS]), 



(§Ml/^nGfv0} (t)^/^ < ll-r (4.37) 



Therefore we have 

ra<iiniii,^. 



m^<\\u\\%Je + \\u\\^^/. 



Almost identically, we can prove 



mB<\\u\\%^^ie + \\uy^f. 



Terms ()4.19p and (j4.26p : Once again, at each level Ni there are at most two green intervals that 
overlap ^ but are not subsets of . By ()4.32p , 

l<Ni<Nj max(l,^)<Afi<32Af, 

(4.38) 

For ^ < Ni < 32Ni, a green interval or yellow interval at level A'^i overlaps < 1 green or yellow 
intervals at level Ni. Also, a green or yellow interval at level Ni overlaps < 1 green or yellow 
intervals at level A'^i. 

E (^f) E E ii^?(G;:'),^i^"i/i(G;:'xR<*) 



|2 



< E llV-.),;v.^ll'c.i(G:^xR.) + ^ E (^) E l!n(G;^),;V,^ll^/i(G;ixR.) 



(4.39) 
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+ E (§) E iin(<,)),^.-iiai(<,)xR^)- (^-^i) 

Using to estimate (fOO]) . (fiT3]l to estimate (fOT]) . and the definition of ||ii|| iv, , (fil^ < 

-^(G'fe ) 

(e^ + \\u\\% )^. Similarly we can prove (|4.26p < (e^ + )^. 
This gives the estimate 

ll'"llxjVj.([0,T]xRd) ^ e + (e+ ll^llxjVj{[0,T]xR'i))^- (^-42) 

We can now prove theorem 14.21 by induction. All the green intervals at level one will be small 
intervals Ji = [ai,bi] with 2(d+2) = eo and N{Ji) < |. By (l3lB . 

™P ll^llxrcn (^-^^^ 

Glc[0,T] 

There aren't any yellow intervals at level one. This implies 

Mx,{[o,T]xR'')^Ce, (4.44) 
with C independent of e. Now suppose that for some dyadic 1 < A'^o < M, 1 < N < Nq, N dyadic, 

h\\x^([0,T]xR'i)^C€. (4.45) 
Then making a crude estimate and applying (I4.42p . 

ll^llx2.„([o,T]xR.) < f e + ^(e + 2Ce)2 < Ce, (4.46) 
for e > sufficiently small. By induction this proves theorem 14. 2i □ 

Start of the proof of lemma \4^ and lemma \4^ The proof of lemmas [4. 3l and [^^ will be substantially 
different when d = 1 and when d = 2. Therefore, we will only consider the d = 2 case for the rest 
of the paper. The d = 1 case will be discussed in an upcoming paper. 

Take a yellow interval Y^' . For any aa,Ni G the solution to (II. ip has the form 

e^(*-"">^»)^n(a«,^J - i j\ e'^''^^^ F{u{T))dT. (4.47) 
Since N{t) < ^ on Y^^ and \i{Y^') - i{t)\ < 2-'^^6^''^Ni for any t E Y^\ 
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Next take and For aL,Ni G Gl and aR,jv, G 

l<Ni<Nj ^ 

If C is a length green interval, we can choose aa,Ni such that 

where J/ = [a;, 6/]. If G^^iVj is a weight green interval then we can choose aa^Ni S G^^jVi such that 

2 

•^iCGc' 



Therefore, 



l<Af,<iV,- ^N.^N. 



G^^'CG^ 



E E E (i + ^)iin(G:,,i^,.,4.,«(«oii 

;iv,<iv,,H4il<iv, 

<J_ y (i + ^),2<,2_ 



TV. 



Next, we turn to the Duhamel term 

rt 



I ^^^"^^"^,(G„-»),^<.<4^..(^(-(-)))^- 



+^^(G^.),^<.<4iV,(^((^^(G^'),>32iV,^)(^C(G:'),>iV,^)^))- 

Take v supported on |^ — ~ A^i, H"^ 11^/2/^*^2 t»2\ = 1- Making bilinear estimates, 



(4.50) 
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< 



(P ^It'^/^ II 11^/^ IIP Ip/^ 



Therefore, 



II / e^(* "^^^^(G^«),^,(0((^^(G^,),>32^^^)(^'^(C^.),>^^^)n))(r)dr||^, 

N,. 



^Mx^, E (iv7^'^'"^«(G:-),JVi^llc/2(G2'«xR2) 
Afi>32Ari ^ 

This term is acceptable for lemmas 14.31 and I4.4[ 
Similarly, for the interval 



(«,(0((P^(^^iv,^^^32^^n)(P^(^^^,)^^^^^x)n)))dt< 11^x11^^^ E (^)'^'llV.">),^i^llt/i(^<f'xR2)' 



which is also acceptable for lemmas 14.31 and 
Expanding the first term in (j4.50p . 



+^^«G^0,^<-<47V,(l^5(Gr'),2-i-^iV,<.<32W,^l'(^C(G^'),<2-i^^,^)) 



(4.51) 



(4.52) 



+ ^^(Gr«),^<.<4JV,((^5(G^«),<2-i5JV,")'(^5(G^'),§<-<32iV,^)) (^'^^^ 
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Because L/ LJ C DU^, we want to estimate 



~ ''^?(G^'),^<-<32Af,'"ILpL8(G^'xR2)ll'^5(G^'),2-i5Ar,<.<32Ar,^llL4^ 

^ (ll^llx^^ +«)II^C(Gr'),§<■<32iV,^ll[/i(G^'xR2)• 
The last inequality uses ||^i||L^L2 < 1 and 

II^C(G^^'*),2-i5Afi<-<32Afi'"'llL4''^L|(G^'xR2) ~ \^^CiG^'),'2~'^^N,<-<32Ni'^Kl(G^i xR^) ~ lf^llx(G^^) +^ 



by lemma HTTl 
Remark: If iV(J,) < 



So for 1 < A'j < 2-*^^, since G^"- and y,^* are a union of < 2^^ small intervals, 

ll^5(G^»),^<.<4iV,(l^l^^)llL?/24/^(G^»xR2) ^ 



The same is true for 

The estimates of (I4.53P and ()4.54p will be substanitally more difficult than the previous estimates 
have been. Therefore, we will postpone the proof of the upcoming lemma, lemma 14.51 to a later 
section. Assuming that lemma 1431 is true, the proof of lemmas 14.31 and 14.41 is complete. □ 

Lemma 4.5 The Duhamel terms 
ft 

e<'-^^^P r^^^^^^{{P ^^^^^^ 

(4.55) 

and 

t 

e'^'"^^''P^^^aZ%^<.<m^\PaGl^),<2-^-N:^\^^^^^^ (4.56) 



are acceptable for lemmas \4 -31 and \4.4\ 
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(j4.55p will be estimated in §7 and ()4.56p will be estimated in §8. 



5 The case when N{tfdt < oo 



In this section, we show how theorem 14.21 implies that the minimal mass blowup scenario (??) does 
not exist. 

Theorem 5.1 There does not exist a minimal mass blowup solution to fi = +1, with N{t) < 

1 and 

' oo 

N{tfdt < oo. 

-oo 

To prove this we prove an intermediate theorem, giving additional regularity of a minimal mass 
blowup solution to 

Theorem 5.2 Suppose u{t,x) is a minimal mass blowup solution to (ji.ip . fi = ±1, and 



oo 



N{tfdt = K <oo. (5.1) 







Then 

||'u(t,x)||^oo^2([o,oo)xR2) K'^- (5-2) 

Proof: By (j2.64p there exists Kq ~ K such if [0, T] is a compact interval, M is a dyadic integer, 

T r 

/ \u{t,x)fdxdt = Meo, (5.3) 
J 

N{Ji) = 5K < 6Ko. (5.4) 

J,C[0,T] 

Rescaling, u{t,x) i-^ An(A^t,Ax), A = by theorem [4.2^ 

I|wa|Ix^,([o,^]xr2) < (5-5) 
C is independent of T. By conservation of mass. 



By mil, \m-m\ < 2-^2/^0- 
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Without loss of generality suppose ^(0) = 0. By ()5.4p . limt_j,-|-oo ^ii) = 0. This implies limi_>.-|-oo 11-^2' Xo'^^COIIlKR^) 
for Z > Lq for some fixed Lq. Therefore, 

sup \\P2iKo'^\\ul([o,T]xR^) = sup II ^ e*(*~^)'^P2'ft:o(K('^)P^('^))^^lli/i([o,T]xR2)- (5-6) 
Splitting lupti, 

(5.7) 

ll(-f>2'-5ifo'")(-^>^'o'")^lli8/5^8/7(jP^^j^j^2) 

^ ll-P>2'-5/fo"llL«/3L8([o,T]xR2)ll-^>2'-=^^fo^lli^,,{[0,T]xR2)ll^llL-L|{[0,T]x 
+ ll(-P>2'-5i^o^)(-f'^o<-<2'-5i^o^)llL8/54/'([0,T]xR2)ll^ll^?°^'{[0-^ 

< I1^>2'--/^o^IIlJ^L|{[0,T]xR2)II^>2'-5/^o^I|18/3^8(P^^j^r2) (5-8) 

«-5 



+ ll(^>2'-5A'o^) 11^8/3^8 ll^2Ji^o ^11^8/3^8 ll(^>2'-5ii-o^) (^2^' ^"0^) llif^ 1 1 -^2^ i^O ^ 1 1 l'j^ L2 • (5.9) 

For / > 0, let 

U{2^) = sup ||i^>2'/^o^llt/i([o,T]xR2)- (5-10) 
ll-f2'X^llc/2([0,T]xR2) = II-f2'Af'"A||;72 ([o^^]xR2)- (^-ll) 

From (??), this proves IA{2^) is uniformly bounded for / > 0. Using Strichartz estimates in (15. Sp 
and bilinear estimates in n5-9h- 



and bilinear estimates in (|5.9p 

m + (El) <Z^(2'-^)(E2(^-'"''^/'ll^2./.o^lli?L2([0,oo)xR2)) 

j=0 

We need a lemma to handle the last two terms in (15. 7p . 
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Lemma 5.3 If \\ux\\j^^^^^^t^^^,-^ < C, 



II f e*^*-^^^(^>2'-5i^o^)(^<i^o^)'(^)^^^llc/i([o,T]xR2) < 2('-')/'||P>2^-5;,„^z||^. ([o,T]xR2)- (5-12) 

II f[^e'^''^^''{P>2^-'^K,n)\P<KA\r)dT\\ui^^^^^^ (5.13) 

This lemma will also be proved in §7 and §8, since the proofs of (I5.12p and ()4.55p are almost 
identical, as are the proofs of (j5.13p and (j4.56p . Assuming this lemma is true, 

U{2^)<U{2^-^)lY^2i^^^-^y%P,,.^^^^^^^^ (5.14) 

3=0 

By ()2.43p . N{t) — >■ as t — itcx), ||-P>2jKo'"(0IIl|(R2) ~^ uniformly in t as j — > oo, so 



[2_^ ^ ll-^>2Jii^o^llLf L|{[0,oo)xR2) + ^ i ^ ^ 

J=0 



as Z ^ 0. Therefore, there exists an Lq such that for I > Lq, 

U{2^) < 2-^^U{2^-^). (5.15) 
By induction, this implies IA{2^) < 2^^K This in turn implies 

ll-f2'i^o^(*)ll-Lr^l{[0,oo)xR2) < 2"^^ (5.16) 

which proves theorem 15.21 □ 

Proof of theorem \5.1\ Take some r][t) — )• 0, possibly very slowly. 

||e---«Wn(t)||^.(j,.) < N{t)Cm)+r^{tf/\ (5.17) 

Since limj_^±oo -^(0 = 0, this implies limt^±oo ||e~*^''>*^*)u(t)||^i^j^2) = 0, and so by the Sobolev 
embedding theorem, 

^ j |V(e-*^-«Wu(t,x))pdx + ^ j |e-''^-«Wn(t,x)|4dx (5.18) 
can be made arbitrarily small. 

By Holder's inequality, 
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x-x{0)\< 



JV(0) 



1000 ^^II"I1L4(R2) ^(0) ^ 1000 



Choose to sufficiently large so that 



2 



C^^{\ I \V{e—-(%{t,x))\'dx + ll \e-<(%{t,xtdxf/'<^^. 

(C is the same C as found in (j5.19p .) Make the Galilean transformation mapping (,{to) to 0. 
E{u{tQ)) = E{u{0)), which implies 



/ 



2 

\uiO,x)\^dx<^, (5.20) 

which contradicts conservation of mass. Therefore, the proof of theorem 15.11 is complete, and 
scenario (|3.15p is excluded. □ 

Remark: We cannot apply this argument directly to prove theorem 15.11 when ^ = — 1 because 
E{u{t)) is no longer positive definite. We can modify this argument for ||tio||L2(j^2) less than the 
mass of the ground state. We will not make this argument here. 



6 Entirely non-resonant 

In this section and §8 we will pay off our debt and prove lemmas |4 . 5 1 and [5 . 3 1 In this section we will 
estimate the terms (j4.55p and (]5.12p . These terms are easier to estimate because they are entirely 
non-resonant, while the terms (j4.56p and (j5.13p will be called the "mixed" terms. 



Take the interval [0, T], with 

j \u{t,x)\'^dxdt = Mel, 
N{Ji) = 6M, 

J,C[0,T] 

M is a dyadic integer. To show that (j4.55p and (j5.12p satisfy lemmas 14.51 and 15.31 respectively, it 
suffices to show 
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Lemma 6.1 For ^ < iVi, 



32 

ft 



(6.1) 



+ ^W/' ^ (t)'^'lin(c.-^),^.-ll^i(a:-xR.)(^+ll-llx.,([o,T]))- (6-3) 

^ 32Afi<Af4 

To simplify our notation we will assume G^' = [0, b] and fla^Ar. = 0. The arguments in this case 
can be extended to the general case with ease. We will also let Ji < J2 signify that the interval Ji 

lies to the left of J2, and Ji H J2 is a set of a finite number of points. To evaluate (|6.ip . it suffices 
to evaluate 

II 1^ e^^*"-)^(^5(^-.),^,«)(^'^(,),< W^)'(r)dr||^, (6.4) 

+ II ^ e*(*-^)^(^'^(G^.)^^^t2)(P^^^^^^^^.^^v(i(^ (6.5) 

where N{Ji{t)) = N{Ji) when r £ J;. We also define the function N{t) for r G J;, 

r if ^ < 1- 

N{t) = 1 ' ^ ' (6.7) 

^ ^ \ N{Ji), if ^>1. ^ ^ 

Let J; = [ai,bi]. First take (16.40 . Define 

<f\t) = £e^(*-^)^(P^(e^.)^^^n)(P^^^^^^^n)2(r)dr. (6.8) 



Then for t e Jr 



Therefore, the Duhamel term can be decomposed into a superposition of solutions to ivt + Av = 
and a sum of terms supported on disjoint small interval Ji. This decomposition is very useful for 
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estimating the U'^ norm of the left hand side of (|6.ip . and wih be used throughout this section and 
the next. 



For ti,t2 G \C{ti) - ^{t2)\ < 2-20^i/2^._ Also, since N{t) < ^ on G^^ and A^i > §, 

is supported on : I'? ~ ~ -^i ^'^ ^ ^a'}- Take F supported on this set, j|Fj|/^2(R2) = 1. 



§1/2 II^C(G^"),Afi"lll/2(G^'xR2)- 



The last inequality is the bilinear estimate in proposition 12.61 and the second to last inequality 

51/2 



follows from the fact that ICih) - ^{t2)\ < 2'^°^^ for ti,t2 G Ji- 



Now take v supported on : |^ - C(r)| ~ Ni Vr G G^'}. 

rbi 

4/5 

^ ll^(-^g(r),< IlLf /^Lf (J, XR2) II (-^g(G^').jVi^) (^g(r),< ^) ^( J, xR2) 

^ll(^C(G-0,iV,^)lllf/3i8(^,,R2)ll(^eW,<^^^)l^^ 

< / ^(-^0 ',17/20 II p II 

~ ^^l/SAT/ II^C(G^'),iVi"lll/i(G^»xR2)- 

Therefore, 



nai)< E ii^n'/''^(MiiL2(R2) + ( E h^,'"^^wf^2(,,,H2))'/' 



N- N ■ 
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<IIP ,,| ( sr V M:^)^W2^ 



< Xl/2f^i U7/20|| p „|i 



We used the fact that N{Ji) < ^ on G^'. 

Because 6 < e^^, (j6.4p satisfies lemma [6?T1 

Next, because |^(ti) - ^(^2)! < 2~2oM^ for ti,t2 G J/ 



2^1/2 

Therefore, making an argument similar to the estimate of (I6.4p . we can prove 

Remark: The non-resonance of terms (j6.4p and (j6.5p did not enter into their estimates at all. The 
exact same methods can be used to handle the mixed terms and prove 

t 

+ 11 / e'^'-^'>^{P^^^N,^^^u)\P iV(j,(.)) i/V^ iV(J,(^)) ^l'(^)^^llf7irGjy'xR21 

< f2/:(yi\ 17/20 II p „,|| 

^A^l^ II^C(G^>),7Vrllc/2(G^'xR2)- 

The estimate of ()6.6p in the non-resonant case will be considerably more involved, and will be even 
more complicated still in the mixed case. For now, we take N{t) defined by (j6.7p and consider 

m= e*(*-^)^(P^(^^,)_^^u)( Yl Piir),N,u)i Yl Par),NsU)i^)dr. (6.11) 

° " ' N2=NiiT) N3=NiiT) 

Without loss of generality suppose < N2. 

Case 1, N2 < 1, iVa < 1: Let Ji = [ai,bi]. For t G Ji, let 
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Ir^t) = re^(*-^)^(P^ ^^^u)(P^(.),<iu)(P^(,),<in)(r)dr. (6.12) 



Ni, 

' '[l) = 

J ai 

Because N{Ji) < 6, \C{h) - ^(^2)! < for ti,t2 G Ji- Take F supported on : |C - C{t)\ 

iVi yt€G^^}, = 1. 

51/4 



< 



l-^e{ai),<105V2'"l|[72(J;xR2) + ll-P^(aO,105V2<.<2"llc/2 (J,xR2)) \\P^(^G^^)^N^^\\ul{JlX■R^) 



This implies 

E hnif^''^\bi)\\LUn^) < (6.13) 
Next take |b||y^(j(xR2) = v supported on {4 : |C ~ C(OI ~ -^i G ^a^}- 

Ji 



< 



'1 

Therefore, 
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/ 

J a 



Case 2, iVs > 1: If i G GT , 



t 

Ni 17 20 ^^'^^^ 



/' 

^0 



E 



=,i(t-('i)A 



nl 



U, 



where = [a/, 6/], y^i^^ = [a;/, 6;/], and Rp = [a/", V]. On [a/, 6;], 

nj' ' ^' ^(t) and n^J" ' ^' ^(t) are similarly defined on [a;/,^^'] and [o;//,^^"] respectively. 



Remark: There will possibly be two green or yellow intervals at level that intersect but 
are not contained in one at the left endpoint and one at the right endpoint. For the left 

interval, let 



it) = re'^*-"^^(^^(G^.),^,^)(n{r),iV,n)(P^(,),jv3n)(T)dT. 





Such an adjustment will not raise any additional complications whatsoever. We do not need to 
worry about the interval at the right endpoint. 

Remark: We could in fact copy the estimates for iV2 < 1, A^s < 1 to any pair N2, N^- There are 
< (^) green intervals and < (^) yellow intervals at level N2 that overlap G^'. Take v supported 

on \i- i{t)\ ~ ^^1, ll^llvi(Gr^xR^) = 1' * ^ ^l"- 

(^e(G^r*),iVi^)(^e{r),iV2^)(^'€(r),iV3^))c?T = / {v{P^^^n,^^^u), (P5(^),^,t^)(P^(^),^3u))dr 
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< 



Also, 



< 



Wfp '111^/-'-° II 11-*-/-*-° 

'''l(^«(Gr^),^<-<4iV2^)llp29^60((Gf2xR2)ll(^«W'^3«)ll^(^^^^ 

<(^)'''/'°°ll^'^(G-»),^^^ll^2(G-.xR2)l!^C(Gf2),7V.^llf/i(^^^ 
by lemma [4?n Since we are bootstrapping small we take ||'u||j5^^^ ^ 1. By interpolation, 



'iVi^ ^Ni' 5(G™'),iVi"lll/i{G^:»xR2)ll^ aG?),^2"IIC/i(Gp^R2)- 

This implies, 



(6.16) 



l<Af2<2-i5Af, l/2<Af3<Af2 Gf2nG^V0 



By a similar estimate 
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< ci!^^13/20|| p „,|| II p „|| 

Remark: These computations can be followed almost identically for the mixed case as well. Take 



and then proceed exactly as before. This time use corollary 12. 101 to estimate atj"" 



€{r),Ar2"JllL2+^3/2. 



However, the estimate 



Ni,N2,N3,, ^/^2x||„ II II 11 



is not quite sufficient, since 



diverges logarithmically. Therefore, it is necessary to integrate by parts in time to obtain im- 
proved estimates. Here is where the treatment of the non-resonant term and the mixed terms are 
substantially different. 



If u solves (jl.ip then 



^{e''^u)=ie'''^{\ufu). 



.17) 



Also, if is a Fourier multiplier, 



dt 
d_ 

di 



|-m(Oe-**l«l'^(t,e) = im(C)e-^*l«l'(K?i)(t,0. 



3.18) 



First take u^l ' ^' ^(6/). Take ||i^||L2(R2) = 1, F supported on — '?(G^')| ~ Ni. Taking the 
Fourier transform, 
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Let 

q{tv) = \^ + m + m\' + \^f-\mf-\m\^- 

We call this the non-resonant case because q{^, rf) > Nf. This makes the computations much easier 
than for the mixed terms. Integrating by parts in time, 



'CLl 

1 d 



Because iVa > 1, N{t) < ^ on and g(e,r/) > Nf, 




Turning our attention to (j6.2ip . we use the product rule to compute 
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In this section and the next section, we understand that the norm ||u||rPrg refers to ||ii|| ro/^iv, 
unless otherwise indicated. 

X 1 1 ^5 ( G f 2 ) , < . < 4 1 1 L I ( G f 2 ) ^ < 4^^ 1 1 L 
1 32iVi<Ar4 

^ 32Ari<2.'3 

In the last inequality we used lemma HTTJ 

Next, by the Sobolev embedding theorem, bilinear estimates, and lemma Wl] 

illl(-^^'-"^^^^^)(n«2,i^<.<4^,n)||,.^ 

^ ^^ll^€(Gf2),i^<.<47V2^llc/i(Gf2xR2)ll^5(GS'>),^<.<32iVi'"lli'?igll^ 

^^1 l<Af4<32Afi * 

~ p7^^]^^ll^llx^JI^C(G^'),^<.<32iVi^ll[/i(G^'xR2)- 



48 



Next take 

~ iV^"^?(G^')>iVi^lll/i{G^»xR2)(ll^5(Gr2),<iV2^llit 

iVf 

To prove the last inequality, for N4 < N2, interpolate 

\\Pm,NM,^,Ua-^,m - ('^'^'^2'^' + (6-22) 

with 

()6.23p follows from lemma W7\] and ()6.22p is an interpolation of 
and 

We can estimate llP^.^iv,. itlLs ,^,no in a similar manner. By Strichartz estimates, 

" €{G, 2),<Ar2 2xR2) ' 

II^C(Gf'2),>Ar2^llL4^(G^>xR2) ~ "-^^(Gf ^ ),>Ar2^ll t/2 (g^« xR2) " 

Similarly, 
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r oo r 8/3 



Therefore, by lemma [^7L\ 

1 l<Ar4<Af2 



/V2 

< 2 II p II II II 

~ Ar2ll^5(G^>),iVi'"ll[/i(Gr'xR2)II^IIXjv/ 

Summing over N2 < G^^ n G^' and Y,^^ n / 0, 

y (^)(^) < (^)^/^ 

l<iV2<2-i57Vi ^^1 

completes the proof of lemma 16.11 □ 

7 Mixed terms 

In this section we tackle the terms (I4.55P and (I5.13p . As in the previous section it suffices to prove 
Theorem 7.1 For Ni>^, 

II ^ e'(*--)^(P^^^^,^^^^n)|P5(,),<2-i5;v.«l'(T)dr||^, 
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Proof: Once again it suffices to estimate 

'^^^"^^^(n(G-»),iv,-)l^,W,<W-P(-)d-ll^.(^-.,K^) (7.2) 

+ II ^ e^(*-^)^(P^(^^,^^^^n)|P^^^^^^^np(r)dT||^, (7.4) 

(j7.2|) and (j7.3p can be estimated using a method identical to tlie method used in the previous 
section to estimate ()6.4p and ()6.5p respectively. Therefore, we will consider ()7.4p only. 

Recall that in the last section we proved 

AT- ^^-^^ 

~ '^A^l^ II^C(G^"),JVi"llc/i(G^'xR2)- 

We also proved 

i<7V2<2-i57V, Gf2nG^V0 <2nG^V0 (7.6) 

< (^)''/'°ll^g(G:»),^,^llj/2(G-.xR2)(^+ ll^llx,> 



For teG^^ = [ai,bi], define 



^5 '"^"(i) = / e*(*--)^(P^(^^,^^^^u)(P5(.),^,n)(P^(.),<^,n)(T)dT. (7.7) 

Jai " 

Similarly, 



(t) = / eH*--^^(P^(^^,^^^^^x)(Pg(,),^,n)(P^(,),<^,n)(T)dr. (7.^ 



G A'' 

We make the same adjustment to n^/ ' ^ when is not contained in G^"- that we did in the 



yf2 



previous section. This adjustment is also made to u^'l . Since ()7.2p and ()7.3p take care of the red 
intervals, it only remains to compute 
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C/i(G„»xR2)- 



Let 



(t) = re^(*-^)^(P^(^^.)^^^n)(P^(,),^,n)(Pg(,),^3^/)(r)dr. (7.10) 



W= ""n/ W- (7-11) 



Af3=l/2 

1^^"^ TV TV 

' ' is defined in a similar manner. Exploiting the P summation in Xm{[0,T] x R^"* 



Lemma 7.2 



^-^ 11 Gf2,TVi,TV3,, ^ II Ml 

l<TV2<2-i5Ar. 2-iOTV2<TV3<Af2 (7 ]_2) 



Jv,- 



T/iis satisfies theorem 7.1. 
Proof: First take y^i^^ ^ [a,,,^;/]. 



< (^)'^'ll^5(yf2),iX2<.<4A.2^llc7i{y^f2^R2)ll(^C{G^»),TVi^^ 



^ ^ iVl ^^^^^ ATl feces'' ),JVi "II l/i(G^» XR2) Il^?(y,f2)^ i^<.<4jV2^llt72 (y^^2 ^R,2) 



( E ll^^(Y;^3),i^<.<4^3^f^^(^iy3^j^2)+ ll^5(<^),^<-<4TV3"ll?r2(G^3xR2) 

y^^3ny^f2_,0 G^3ny^f2^0 
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RiV3 iV2 P 



N2 



by lemma BTTl 



5^ II^J '^"^'(^;')IIl2(r2) 

l<iV2<2-i5Afi 2-iOAr2<Af3<Af2 y^^2nG^V0 

l<Ar2<2-i5Af, 2-iOAr2<Ar3<Ar2 



Jv,- 



()4.15p was used in the last inequality. 
Similarly, for Cj^^ = [ai,bi], 



< (^)^^^ll^^(Gf'2),i^<.<4iV2^llc/i{Gf'2xR2)IK^C(G^-),JVi^)(%).^3^)l^ 



By Holder's inequality, 



2^ II V (^0IIl2(r2) 



Using lemma UTT] and bilinear Strichartz estimates, 

< ((^) E ll^€(Gf3),i^<.<4JV3^ll?/i(Gf3xR2))'^'ll^C(G^'),iVi^llc/i(G^>xR2) 
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By 615]), 



*i "C/i(G™»xR2) ^^AT^' II iil/i(R;3xR2)^ - v^^n ^(C),iVi iic/i(G™' xR2) 

1/2<7V3<2-15^. 

Also by dUSI), 

l/2<Af3<2-l5Ar, 

Finally, 



Since we are summing over ~ -^Sj Cauchy-Schwartz implies 

l<Af2<2-i57Vi 2-iOAf2<iV3<Af2 G'^2nG^«_^0 

This completes the proof of the lemma. □ 

Once again, because the Xa,/([0, T] x R^) seminorm only controls summation over 1 < A''2 < 
2~^^Ni, we will integrate by parts in time. This will be far more complicated than in the previous 
section because the phase function for (|7.ip is 

ie + ^?2 + %i'-ieP + i??2p-i%i', (7.14) 

which could be zero or very close to zero. Therefore, we will partition the phase space ('^,??2,%) € 
X R^ X R^ into resonant pieces, where (j7.14p is small, and non-resonant pieces, where ()7.14p is 
large. It is for this reason that (|7.ip is called a mixed term. We will combine this integration by 
parts estimate with the estimates obtained in the previous section, 
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hnl '''''''' MlLUn^^ ^ (^)ll^llx;vJI^$(G^^),iVi^llc/i(G^«xR2)' (^-l^) 
and for G^^ = [ai,bi], 

1/3 

< (7.17) 
along with a similar estimate estimate for Y^f^"^ . This will give an improved estimate of 



(7.18) 



^ V- , i(t-6,,)A V^iVl,<2-lOJV2 

y,f2nG^V0 

Let lG,y(i) be the characteristic function of green and yellow intervals at level N2. 

( 1, t G some or y^)^^; 
= 1 0, otherwise. ^^"'^^ 

Theorem 7.3 For any a,b eG^\ 
ffe 



(7.20) 
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The proof of this theorem is rather lengthy, so it wiU be postponed. First, we will prove how 
theorem 17.31 completes the proof of theorem 17. 1[ 



79/80 1/80 

Let be the dyadic integer closest to = A'^^ N2 ■ We make a double-layered decomposition. 
Take = [ap,bp\ to be a green interval at level A^, Yg/ = a yellow interval at level A^. 

We adjust and Y^} so that Gf'^ C G^ or PI G^ is a finite set, and the same also holds for 

Yi^^ and G^ , as well as for G^"^ , Y^^"^ and Y^! . 



By theorem 17.31 



(7.21) 



E E ii%f' ^'(&/3)iiii{R2) + E E ii'"nr^'(V)iiii{R2) 



l<Af2<2-i5Ar. 

< (^)'^'"iiV-.),;vi^iii/i(G^:'»xR2)(^ + 

Next, interpolating (msjl . (17^61) . and frT7|) . 

2^ 11%/ (&0IIl|(R2)+ 2^ h„/ (fez)llLi(R2) 

<'nG^^0 y,r^nG^^0 (7.22) 

Therefore, 
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(Z^( ll^n/ (&0IIl2(r2)+ 2^ (&z)IIl2(R2)) ) ^ 

< (^\79/80\\ p „,|| ||„,|| 



Also, 



2^ (z^( 2^ ll^n/ (^/)IIl2(r2) + 2^ ll^ij (^/)IIl2{r2)) ) ^ 

< (^\7^/80\\ p „,|| ||„,|[ 

-^Ni' II^C(Gr»),Wi''llc/i(G^r'xR2)ll^llx^/ 

This proves theorem 17.11 □. 

Proof of theorem \7.3[ To prove theorem l7.3l we will partition the frequency space 

In order to simplify notation, we will suppose £,{G^') = 0. This could be accomplished with a 

Galilean transform. The resonant set will be 

{iC,V2,m) G : m + m + V3\' - + \V2\' - Ivsl'l < (7-23) 
and the nonresonant set 

{{^,m,V3) G : \\C + m + m\' - + \m\' - \m\'\ > (7.24) 

Ar4/5 

Choose ~ — equally spaced vectors ipj £ S . Let Pj be a smooth Fourier multiplier supported 
on the set 

^4/5 

R, = ~ iVi, \ZiC,^j)\ < } (7.25) 

such that 

on 2-1° A^i < 1^1 < 2^°Ni. Then 

F = Y,PjF, (7.26) 

and 
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{Pn,u) = J2Pn,Piu. (7.27) 

We will define the distance 



\j -l\ = \ipj - ipi\ 



Rj is approximately a j^Ni x Ni rectangle. Because Ni < Ni, 



{F, f e^(^-*)^(PAriu)(P^(,),^,tx)(P^(,),<2-iojv,t.)dt) 

J a 



i<j<^,b-ii<2io 

^2 



Also, let Pj be a smooth Fourier multiplier supported on the set 



R, = U ~ iV2, |Z(C, (^,)| < } (7.29) 



such that 

on 2-1° < |^| < 2i°7V2. 



If ■ Vm\ > 2^°^ then • (r/2 + r?3)| > 2^NiN2{^f''' for (772 + rya) e Pm, C e Rl- This in turn 
implies 

\\i + m + m?- leP + l^2p - > n^n,{^^)^/'. (7.30) 

Therefore, a pair will be called resonant, {I, m) ElZii \(fj • 1 < 2^^j^, and {I, m) G A/" otherwise. 

We will also let I G 'R-.^m and m G 7?.;,. denote (Z,m) is resonant. I G A/!,rn and m G A/;,, are defined 
in a similar manner. 



First we want to deal with the resonant case. For each /, the number of m G Ri^. is < 2 . Consider 
a single pair (Z,m) G 7?.. Without loss of generality let (pi = (1,0). Let P^ be a smooth Fourier 
multiplier, 
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Pr,l = { 



1, |^¥'^|<C^; 



0, \^-^i\>2C 



^9/5 (7.31) 



C is some fixed constant such that P^^i = 1 when ^ G -R; and (C,??2,??3) he in the resonant set. On 
the resonant set, 

le • ((% + m) + ivs - m))\ < N2m{^^)^/'. 

Lemma 7.4 If < 2~^^N2, u is supported on \^\ ~ N2, v is supported on \^\ ~ N^, « N2, 

^2/5 

||P,,((e-*^^)(e^*^^;))||^.^(R,R.) < (7.32) 

jy9/5 

Proof: If = (1,0) then P^^ is supported on |(6 +6)a;| ^ \Cx\ < Because |6 + C3I ~ -^2, 

this imphes 1(^2 + ^3)2/! ~ A^2- 

Take ||G(t,x)||^2 

^(RxR2) — ^■ 

J e-^*-P,,((e^*l«^l'^(6))(e-^*l^^l'i)(e3)))dt 

= Sir - Cl - Cly + + (^(6)^(6))- 
/ G(t, e) / 6{t - - Cly + + (n(6)* (C3))cird6cie3 

G{^2x + ^2y - ^3x - ily^ 6a; + 6a;, 62/ + ^3y)u{^2x, 62/)* (6a;, ^3y)d^2xd^2yd^3xd^3y (7.33) 
y G'(^2a; ~ + (62/ - 62/)(6j/ + 6j/), 6a; + 6a;, 62/ + 62/)^ (6a;, 62/)* (6a;, ^3y)d^2yd^3y 

~ ^7^II^("'6x + 6x,-)IIl2^^(rxr)II^(6x,-)IIl2(r)II^(6x,-)IIl2(r). 

The last inequahty is because \(,2y + 62/I ~ -^2- By Holder's inequality. 
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1 



.9/5 |iG'(-,6x / \\u{^2x,-)\\L2\\viC3x,-)\\L2dC2xdS,x 



~ p7^ll^llL2(R2)|k||L2(R2). 



This completes the proof of the lemma. □ 
We will use this lemma to estimate 

rb 



Let v{t) be a Ul{G^^ x R^) atom, 



v{t) = E (7-35) 

which by lemma [731 

<-ill^'.i^llL^(R^)(Ell^'-^lli^(R^))'^'- 
^^i k 

Then by Cauchy- Schwartz, 
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Next take an interval G^'^ . 



i 

(7.37) 

We have the same estimate for a yellow interval Y^^. 

There are < ^ green intervals at level that overlap G^^ and < ^ yellow intervals at level N2 



that overlap G^'. Therefore, 



l|lG,y(t)Pn((nw,^2^)(nW,iV3-))IL2^(G-.xR^) ^ ^(]vJ)'^'II-IIx(g;>) (7-38) 

This estimate is well adapted to the resonant set when N3 is fairly large. We also need an estimate 
adapted to the case when is very small. 

Lemma 7.5 Suppose < N2. For a,b G G^\ 



b 

e' 



(^-*)^lG,y(t)(PjVin)(P5(i),^,n)(P5(i),^3u)(t)dt||^2(K2) 

^V3- ^1/2 (7.39) 

i 2 



Proof: Take F supported on |^[ ~ A^j, ||i^ 11^2(^2) = 1, 

l-b 



by lemma 
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Also by lemma HTTl 



2^ ll^€(<^)),^<-<4iV2^ll^i(G^xR2) + II^C(C),^<-<4W2^ll^i(VxI^') ^ ^iV^^II^'l'^^. 

(7.40) 



This completes the proof of lemma 17.51 □ 
Combining (ITISGll . (ITISSll . and (1739]) . 

II J] /'e*(^"-)^(P;viP^n)P,,((P5(.),^,^x)(P5(,),<;v,^^))(T)dr||i2(R2) 
~ T;37^(]^)^^^ll^5(G^'),iVi^ll{/i(G^«xR2)l'^llx^, 

+ E ^(^)'^'ll^^i^llt/i{G:»xR2)ll^llx.. 

<(f)'/-(f)""-||P«.u|l„,,„».,,,IHI.v„, 

This implies 



E 



e^(^-*)^(PAr,P;n)f'jPg(,),^,n)(P^(,),^3^x)(t)<it||i2(R2) 



~ (^)'^'°"ll^5(GS'-),iV,^lll/i(G^»xR2)ll^llx^/ 



(7.41) 
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Turning now to the nonresonant case, since qi^jf]) > N^^^ N2^^ , we integrate by parts in time. To 
do this more effectively, we smooth out 1g,y{'^)- 

Define a function x{t) € C°°(R) on 

If teR^^C xit) = 0. liteJi, where J; is a small interval that is a subset of some or 

13' 



Y^'^ , and Ji is not adjacent to a red interval at level N2, x(^) = 1- Making bilinear estimates, 



CI 



By lemma HTT} 



l<iV2<2-i5Ar, ^ ^ 



< e(— )ll^'^'l^^llc/i(J^xR2)• 



To evaluate the main term 

rb 



a 

we will integrate by parts in time. Take the Fourier transform, 

E ^P^^^ [\'^'-'^^Pi{PN,u)PU{Pm,NMPm,<2-^'N,u)mdt) 

|j-/|<2io (/,m)GA/" " 



xPi{PN^u){t,0Pm{{P^{t),N2^){t,m){Pm,<^-^°N2^){t,V3))dtdri2dr]sd^. 
Integrating by parts in time, 

e**'^+''^+''^''^K^iViti)(t,O^m((Pc{t),iV2^)(t,^y2)(P5(t),<2-l07V2^)(i,%))^it 
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(7.43) 

By Holder's inequality and Sobolev embedding, 

^ iV^ iV^ 4/5 ^ ^2^\ ^^4/5 IIP 

This takes care of term (j7.42p . Now apply the product rule to (I7.43p . 



NiNI^^ |j-Z|<10(«,m)GA/' 



(P,F, / e<^-*)^PK^JVi(0((P>32JVin)(P>^,n)n))P^((P5(i),^,n)(P5(i),<2~io^,n))(t))(it 

J a 

(7.45) 

^E E i^-^^) 

'(e^(*-^)^P,P;(Pjv,(0((P>32JV,n)(P>jVin)n))P^((P5(i),^,u)(P5(,),<2-io^,n))(t))(it 

(7.47) 

,4/5 



^^1^^2 32Afi<Ar4 ' 



II II r5/2 r lOi-r:^! vR2> II 11^5/2 



'L?''"LiO(G^:' xR2) " " "L^/2liO(G^' xR2) 
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Next, 

.4/5 



^1-^2^^ |j-i|<2lO(/,m)€A/' 



(7.49) 



^4/5 



^4/5 1/5 



Finally, 



NiNJ jj_;j<2l0 (i^m)GAr 



E E (7-50) 



J a 32 



t ^ 

iVi II §-<-<327Vi^llc/2(G^i'«xR2)- 

This takes care of the ^(e**l«l'P/PAri«(i, ^)) term. 
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Next, take 

Without loss of generality suppose (pi = (1,0). The (772 + %) such that q{^,r]) ~ 2~^NiN2 lie in 
approximately a 2~*^A^2 x -^2 rectangle. We will call Pj^^i the projection to this rectangle. (We are 
only worried about 2''' > (^)''/^). 

^ 'PjF, (7.52) 



(7.53) 



< 



2 

^<2-fc<lb-^l<2^° ' 
JVi — — 

<(f)"^»(f)l|P»."ll„,,e:..a")ll"llx„.- 
On the other hand, by the Sobolev embedding, 

><ll-P€(t),Ar2(-P^(t)_<^9/io^i/iow(?i^))|li--ii+||-P^(t),<2-iOiV2'"l|L- 
^2^kJ^^y^'~'^'^^j\\L'+LT-(G^ixR^)^^^^^ 

^ 2^^iV2^ ^1 ll^^i"llc/i(G:'xR2)(e+IHIx;v> 

On the non-resonant set. 
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1 N- iV^/^V^/^° 

(:^)4/5<2-fe<l 



We can make a similar calculation for 

Because ^(t) is free to travel around, we also have to consider when the time derivative hits the 
Fourier multipliers Pg(t) o^' -f?(t),<2-MAf2- -^y ^'^^ chain rule, 

Because F{Vx) e L^{^^), N{t) < ^ on the support of x(.t), and ([277T]l . 
Moreover, Vx(^^^) is supported on |^ - C{t)\ ~ iV2- For Gf^ = [a/,6i], 

yyl/5 ^6; 

<'f)""»(f)"-||p*«ll„j,,».,,,ll«ILv„, 



Therefore, 



l/2<Af3<iV2 

1<N2<2-^''N, 



67 



We can make a similar argument for ^4>{-2^~m^)- 



Finally, we have to compute By (IZMD . N{t) < and the definition of x{t), 

d_ 

Jr 

on ti{-R^^ C G^'} small intervals J; and is = elsewhere. Making a crude bilinear estimate, 



1/5 .6, 



Because there are < (^) '^^d intervals at level the proof of theorem 17.31 is complete. □ 
This in turn completes the proof of lemma 14.51 and lemma 15.31 

8 Frequency localized Morawetz estimates 

In this final section we exclude scenario (??). To do this we modify the proof in [7J of 



|V|^/^|u(t, a;)P||^2^([o,T]xR2) ~ ll^(*)llLj°°i/i([0,T]xR2) 11^(0 II 



L-L2([0,T]xR2)' 



to the case when u is truncated in frequency. This will eliminate (??) and the proof of theorem 11.6 
will be complete. Because for T large, 

lll^(*'^)l'lli?,J[0,T]xR2)~ f N{tfdt, 

we would expect 







m''Mt.x)?\\li^i^yo,n.n.)- / N{t)^dt. 

Following this line of reasoning, if N{t)^dt = oo and u{t) S L^ff^([0,oo) x R^), ()8.ip implies 

r Nitfdt<i, 

Jo 
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with bound independent of T. This gives a contradiction, since 




is arbitrarily large for sufficiently large T, thus excluding N(t)^dt = oo. 

However, for this particular blowup scenario we will not prove any additional regularity of the 
minimal mass blowup solution. Instead, we will make a frequency localized Morawetz estimate 
similar to the estimate found in [TT]. This estimate will still give a contradiction. 

Theorem 8.1 Suppose u{t,x) is a minimal mass blowup solution to (ji.ip , jj, = +1 on [0, T] with 



N{t) < 1 




(8.2) 



for some dyadic integer M and 




(8.3) 



J,C[0,T] 



(By lemma [2.15\ this implies N{t)^dt ~ K.) Make the frequency truncation 

Mt,0 = 4>i^Mt,0, 

(f) G C^(R'^), (/> = 1 /or |xl < 1, = for \x\ > 2. Then 



(8.4) 



t,a:U > J / rn T^l 



(8.5) 



where M^{t) is a modification of the Morawetz action in 111 (see <\8.11\) ). 



Proof: Suppose > 0. Define a radial function, 




(8.6) 



Then Aa > 0, and 




<1 



(8.7) 



and for r > ro. 
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Aa(r) = -. (8.8) 
r 

Using the Morawetz action 

M{t) = I I aj{x — y)Im[u{t,x)u{t,y)dj{u{t,x)u{t,y))]dxdy, (8.9) 
and taking tq ^ 0, [6] proved 

r [ \M'/^\uit,x)\^fdxdt < r dtM{t) < sup |M(t)|. (8.10) 

Jo J Jo [0,T] 

We adopt the convention of summing over repeated indices in © R^. Now take the truncated 
action 



Mi{t)= / aj{x - y)lm[lu{t,x)lu{t,y)djilu{t,x)lu{t,y))]dxdy. (8.11) 
dt{Iu) = iA{Iu) - i\Iu\'^{Iu) + i[/n[2(/n) - il{\u\'^u). (8.12) 

If we simply had 

dt{Iu) = iA{Iu) -i\Iu\'^{Iu), 
then we could copy the arguments in [6] and prove 

r [ \\V\^^^\Iu{t,x)\^\^dxdt < r dtM{t) < sup \Mi{t)\. (8.13) 

Jo J Jo \0,T] 



Instead, 



where 



/ ( \\V\^l'^\Iu{t,x)\^\^dxdt< f dtM{t) + E< sup \M{t)\ + E, (8.14) 

Jo J Jo [0,T1 



E=[ [ [ aj{x-y)Re[{I{\u\'^u)-\Iu\'^{Iu)){t,x)Iu{t,y)dj{Iu{t,x)Iu{t,y))]dxdydt (8.15) 

Jo JR2 Jr2 



+ / / / aj{x-y)Re[Iu{t,x){I{\u\'^u)-\Iu\'^{Iu)){t,y)dj{Iu{t,x)Iu{t,y))]dxdydt (8.16) 
Jo ^R2 Jr2 
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+ / / / aj{x -y)Re[Iu{t,x)Iu{t,y)dj{{\Iu\'^{Iu){t,x) - I{\u\'^u){t,x)){t,x)Iu{t,y))]dxdydt 
Jo Jr? Jr? 

(8.17) 

+ / / / aj{x - y)Re[Iu{t,x)lAiit,y)dj{Iu{t,x){{\Iu\'^{Iu)){t,y) - 
Jo Jr2 

(8.18) 

We prove E < o{K). The repeated j's represent an implied sum. Without loss of generality we 
will consider the sum over j = 1, 2. E is Galilean invariant. Since aj{x — y) is odd in x — y, 

E = £ jj aj{x-y)Re[e'''-^^'^{Ii\u\\) - \Iu\\hI)}dj{e-'''<^'hu)]{t,x)\Iuit,y)\'^dxdydt (8.19) 
+ r [[ aj{x - 2/)i?e[e^^-«Wiuaj(e-^^ «W(|/n|2(Iu) - Ii\u\'^u)))]\Iuit,y)\'^dxdydt (8.20) 







We will prove (I8J9D . ([8:20]) . (i8:2T]l < o(K), where ^ ^ as ^ oo. These estimates hold for 
a very general aj{x — y). 

Theorem 8.2 Suppose aj{t,x) is an odd function of x such that for some C, 

\aj{x)\<C, (8.22) 

dkaj{x) = fkjix) + gkj{x), (8.23) 
where \gkj{x)\ < i|/fej||L2(R2) < C, and 

\\dtaj{t,x)\\mR2)<C. (8.24) 
If u is a minimal mass blowup solution to fj, = ±1, then (\8.19^ . I\8.20^ . and (\8.21\i < o{K). 

Remark: For the defocusing case we will use the same aj{x — y) as used in [7]. See also [25]. This 
aj{x — y) is time independent. 
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Remark: The interaction Morawetz estimates of [6], [25] are not positive definite when /i = — 1. 
This prevents us from obtaining an estimate of the form (|8.5p for the focusing case. Theorem 18.2 
imphes that if we did have an interaction Morawetz estimate for ^ = — 1 and aj{t,x) satisfied 
(j8.22p . (j8.23p . (j8.24p . then its Fourier truncation error would be bounded by o{K). 



Let A = ^ and rescale, rescahng I to Ix, the Fourier multipher 

K 

||(V - ie(i))^^llL3L6([0,T]xR2) = - ^^^W)-^AnA||i3i6([o,^]xR2) 



K 



2'= = ! 



K ^ 



^ —2 



In the second to last inequality we used lemma HT| theorem 14.21 ^"^^ (I2.43p . 
Now let li/ = P^i£U, ui + Uh = u. 

— 32 

Next, 

I{\ui\'^Uh) - \Iui\'^{Iuh) = I{\ui\'^Uh) - \ui\^{Iuh). 
By the fundamental theorem of calculus, if Ni, |^2| ~ ^2 « -^i; 

kfe + 6) - m{Ci)\ < N2 sup |Vm(e)|. (8.25) 
In this case, m(^) = A''i ~ K, so 

- \ui\'^{IUh)\\. 3/2. 6/5 



L^'^^L°'^''([0,T]xR2) 

;^II^'"/^IIl?l6([o,t]xr2)I|V|u«P||^34/2([o^^]^i^2). 



72 



Meanwhile, 



so 



Similarly, 



Finally, 



Therefore, 



||V(e *'''^^*^/u)||i3i6([o,T]xR2)IMlL-L2([0,T]xR2) <o{K). 
I|-^^/i|Il3l6([0,T]xR2) ^ 1) 



\\I{\ui\^Uh) - |/niP(Iu,,)||^3/2^6/5^p^^j^j^2) ^ 0{l). 



\\I{u}uh) - (-^'"i)^(-^'"h)||^3/24/5([Q_^j^j^2) < 0(1). 



L^/^L^''^([0,T]xR2) 



< 



(8.26) 



(M) < o{K). 
Next, take (j8.20p and integrate by parts in space. 



(8.27) 



= - J J J aj(x-y)i?e[((aj +iCj(t))/n(t,x))((|/tir(/n) -/(|u|^n))(t,x)|/u(t,y))n(ixd?/dt 
° (8.28) 




ajj{x - y)\Iu{t,y)\'^Iu{t,x)){{\Iu\'^{Iu) - I{\u\^u)){t,x)dxdydt. (8.29) 

/o Jn? Jn? 

Following the same analysis as for (|8.19p . (|8.28p < o{K). 

By I8.23P Aa is the sum of an function and a function bounded by ^Jly^ , so combining Young's 
inequality and the Hardy-Littlewood-Sobolev theorem, 



^M< ll^^^llL-L2([0,T]xR2)||/^^IL6ii2([o,T]xR2) 11^(1^1 u) - \Iu\ {Iu)\\ ^^2 ^^^^^^^^,y 
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and by the Sobolev embedding theorem, 



K 

ll^^llL?Li2{[0,T]xR2) = (T7)^^^II^AnA||i6ii2([o Tj^j^2) 



2''=l/2 ^ ^ 

Therefore, (l8:29D < o(K). 
Finahy we turn to 

{I{\u\^u){Iu){t, y) - I{\u\\)(hl){t, y)) = Fo{t, y) + Fi{t, y) + F2{t, y) + F^{t, y) + F^t, y), (8.30) 
where 

Fo{t,y) = I{\ui\\i){Iui){t,y) - I{\ui\\l)Wi{t,y), (8.31) 

Fi{t,y) is the difference of terms with one Uh and three li/'s appearing, and so on. Since ui is 
supported on |^| < 

Fo{t,y) = I{\ui\\i){Iui) - I{\ui\^ui)(ln) = 0. 

Next, 

ll-^4(i,y)||Li_J[0,T]xR2) ^ hh\\l-SL6,^[o^T]xR2)\\^h\\L?-LU[0,T]xR^) ^ 1- 

Similarly, 

11-^3 (i,y)|lLiJ[0,T]xR2) ^ li^/»llL3L6([0,T]xR2)II^HlL-L2{[0,T]xR2) ^ 1- 

Because / = 1 on |,^[ < 

/(|u/|2nO(/P<Kn;,) + I{ufP^KUh){Iui) - 2I{\ui\^P^KUh)I^ = 0, 

4 4 4 

and 

/(|n;|%)(/P<Kti;,) + /(nfP<Kn?,)(7^) - 2/(|tx/|2p Kn;,)(/^z;,) = 0. 

4 4 4 

This implies Fi{t,y) is supported on |C| > Integrating by parts in space. 
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A, 



aj{x - y)Re[{Iu{t,x){dj - i^j{t))Iu{t,x))—^Fi{t,y)]dxdydt (8.32) 

10 J J 

T r r 

ajkix - y)Re[{Iu{t,x){dj - i^j{t))Iu{t, x))—Fi{t,y)]dxdydt. 
10 J J 

/,?7/,JI ,/o ^ < 



K 

i!d.'"([0,T|xR") ~ <m)'"|I'^''*IIi;'1='"([0,$|xR=) 

The second to last inequality follows from lemma 14.11 and theorem 14.21 

Because ajk is the sum of an L? function and a function bounded by \ ^y\^ , by Young's inequality 
and the Hardy-Littlewood-Sobolev inequality, 

& < ^\\MLrLim-iCjit))Iu\\^LeJ\F,\\^,,,^e^ < ^o{K^) = o{K). 

Therefore, 

^ j j aj[x-y)Re[(J^{t,x){dj-iij{t))Iu{t,x)){FQ{t,y)+Fi{t,y)+F^^^ < o{K). 

Finally, we want to estimate 

As in the Fi{t,y) case. 



fT 



'0 



aj{x — y)Re[{Iu{t,x){dj — i£,j{t))Iu{t,x))^^P^i£F2{t,y)]dxdydt 

L^'ji 32 
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Expanding out F2{t, y), 

F2it,y) = 21{\uh\\i){lui) + I{ului){Iui) + 21{\ui\\h){luh) + I{ufuh)iluh) 
-2I(\uhfui){Iui) - I{u\ui){Iui) - 2I{\ui\^Uh){Iuh) - I{ufuh){Iuh). 

From the Fourier support of ui, 

P^K[I{\Uh\''ui){Iul) - I{\Uh\^Ul){Wl)] 



= P^K[I{{P^K/4Wh\^)ui){Iui) - I{{P^K/A\uh?)ui){Iui)] = 0. 

Next, by I^M), 

\\H\ui\^Uh){Iuh) - Iu/p[/n/jp||ri < ^||/n/,|[?^3r6||V|nip|| 3 3/2 
~ ;^ll-^^/^lli3i6||V(e"''''^(*)nO||L3i6([o,T]xR2)lk«llL-L2([0,T]xR2) ^ 0{l). 

We can make a similar estimate for |nip|/u/ip — I {\ui\^Uh)[Iuh) ■ Also, 

\\I{u^lUh){IUh) - uf{IUhf\\Ll < ^||/^i/l|li3i6||V|UiP|[ 3 3/2 < o(l). 

Therefore it only remains to estimate 







^.34) 



^.35) 



aj{x — y)Re[{Iu{t,x){dj — i^j{t))Iu{t,x)) 

'xP<K/32{uluf + ufiluhf - uluf - uf {Iuhf ){t,y)]dxdydt. 

Remark: To estimate (18.351) we will integrate by parts in time. This is the only place where the 
time derivative of a{t,x), (|8.24p is used. In this paper we will use aj{x — y) constant in time so 
the reader may wish to ignore the time dependence of aj{t,x — y) for the remainder of the paper. 
However, a time - dependent aj{t,x — y) is quite useful. 

Making the inverse Fourier transform, 




aj{t,x- y){Iu{t,x){dj - i£,j{t))Iu{t,x))P<K/32{{uh - {Iuhf)u^){t,y)dxdydt 
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= j j j aj{t,x -y)[Iu{t,x){dj -i^j{t))Iu{t,x)] 

: ''^"^ + Y ^ "'^ )e^y<^^-^^-^^-^^^^Mt, vs)Mt, m)uH{t. m)u,{t, (^-^^^ 

x(l — m{r]i)m{r]2))drjidri2d7]3dri4]dxdydt. 

Let 

g(^) = l??lP + l^2p-|?/3p-|??4p. 

Integrating by parts, 



^ {^e'^''^'^^)[Iu{t,x){dj - iCjit))Iu{t,x)aj{t,x - y)] 



lo Mv) dt 



aj{t,x - y)Iu{t,x){dj - iCj{t)){Iu){t,x)uh{t,r]i)u{t,r]2)Mt,V3)ui{t,V4)\o (8.37) 



iqiv) de ^ JJ \ , J j\, yj 

Since|r/3|,|r?4| < f , ||??3p+|r/4|^| < Therefore, on the support of (l-m(7?i)m(r?2))0( ^^^''^+''j^+''^+''"^ ), 
l%l> l^4l < Tg' l^il^ + l^2p > and q{7]) > By the Sobolev embedding and (f8?22]l . 



aj(t, j; — — i^j{t))Iu{t, x)] 




. 32(r?i + 7?2 + % + r?4) ^^»^.fa+r,,+r,,+r,4) 



x-^(l - m{r]i)m{rj2))uh{t,r]i)u{t,r]2)ui{t,ri^)n^^ 
q{ri) 

This takes care of (|8.37|) . Applying the product rule to (|8.38|) . we have to evaluate 
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'0 



-r _ _ 

aj{t,x- y)[Iu{t,x){dj - i^j{t))Iu{t,x)] 




32fa +r?2 + r?3 + r;4) ,,.(,,+,,+,3^,,)e^ _ (8.39) 
K q(r}) 

+ \J^ J J[^{aj{t,x-y)I^{t,x)idj-i^jit))Iuit,xmiu^^ (8.40) 
Splitting 

P.K(\ufu) = P^kO(uIu) + P-^kO{u?u), 

-^32 32 32 

x[||P>||u||^3^6([o,r]xR2)ll^llir^i([0.^1xR2)ll'"Hli-([o,T]xR2) 
+ ||P>2-iojf'u||^3i6([o,T]xR2)ll'"lli'r^S{[0,T]xR2)||-f'"|li9Li8([o,T]xR2)] ~ °(^)- 
PKI^l'^i) = Pi{{P<Kufu)+Pi{0{{P^Kufu)), 



Also, 



32 



SO 



~ ;^ll-^^llLr^l([0,T]xR2)ll(5j - ■j^j(i))^^^||Lj»L2([o,7^]xR2) 
^[ll-f'>f ^llL|J[0,T]xR2)II^K(^>f ^)^^^)llL2j[0,T]xR2)ll^i||L,-([0,r]xR2) 



+ l|-P>||«lli3i6([o,T]xR2)ll"lli^r-£'i([0,T]xR2)ll^?^lli9ii8([o,T]xR2)] ~o(i^). 

By Sobolev embedding, 
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\\Pli{P^Ku) ^x)||i2i2([o,T]xR2) < ^ll^>||^^llL4^([0,T]xR2)ll'"llLri|([0,T]xR2) <o(^)- 

Therefore, <Km < o{K). 
Now, 

j^[aj{t,x - y)ni{t,x){dj - iij{t))Iu{t,x)] = -iaj{t,x - y)i'^{t)\Iu{t,x)\^ (8.41) 

— iaj{t, X — y)AIu{t, x){dj — i^j{t))Iu{t, x) + iaj{t, x — y)Iu{t, x){dj — iS^j{t))AIu{t, x) (8.42) 

+ iaj{t,x — y)I{\u\'^u){dj — i^j{t))Iu{t^x) — iaj{t,x — y)Iu{t,x){dj — i£,j{t))I{\u\'^u){t,x) (8.43) 

+ [^aj{t,x- y)][Ri{t,x){dj - i^j{t))Iu(t,x)]. (8.44) 
Integrating by parts in space, 

i / aj{t,x — y)[—AIu{t,x){dj — iS,j{t))Iu{t,x) + Iu{t,x){dj — i$^j{t))AIu{t,x)]dx 



= ajk{t, X — y)[—dklu{t, x){dj — i^j{t))Iu{t, x) + Iu{t, x){dj — i^j{t))dklu{t, x)\dx. 
Because I is supported on | < it suffices to evaluate 

\Iu{t, x) I [ {dj - iij {t))Iu{t, x)\\uh {t, y)\^\ui{t, y)\^dxdydt, 



I f f 1 



K Jo J J \x-y\ 

which by the Hardy - Littlewood - Sobolev theorem and Sobolev embedding. 



1 



< — II^/i|Il?L6([0,T]xR2)II(^J - ^^i(0)^^(*'3;)|1^3i6([o,T]xR2)ll-^^^llLf>L2{[0,T]xR2)IKdlLf'L4([o,T]xR 



< o{K). 

We can make a similar estimate for the component of ajk using Young's inequality. 
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Therefore, the contribution to ([HIIO]) of ^l2h is < o{K). Next, 

+ \\P>Ku\\l3^e\\u\\L^Ll\\idj -iS.jit))lA^L<i\\P>§u\\looL2\\ui\\l^J < o{K). 

Therefore, the contribution to ()8.40p of the first term in ()8.43p is < o{K). For the second term in 
(j8.43p . integrating by parts in space. 



aj{t,x — y)[Iu{t,x){dj — iS,j{t))I{\u\ u){t,x)]dx 
— / ajj{t,x — y)[Iu{t,x)I{\u\'^u){t,x)]dx — / aj{t,x — y)[{dj + iS,j{t))Iu{t,x)]I{\u\'^u){t,x)dx. 



(8.45) 

Applying the the Hardy-Littlewood-Sobolev lemma, Young's inequality, and (I8.23P to the first term 
in (|8.45p . using 



1 r"" f r 1 



K'^ Jo J J \x- y\ 
1 



u\ u = 0{uf^u) + 0{ui u), 
\hl{t,x)\\I{\u\^u){t,x)\\P^Ku{t,y)\^\ui{t,y)\^dxdydt 



1 



The contribution of 

aj{t, X — y)[{dj + i^j{t))Iu{t, x)]I{\ufu){t, x)dx 



can be estimated in exactly the same way as the contribution of the first term in ()8.43p . Therefore 
the contribution of (18.43P is < o{K). 



Next, by \i'{t)\dt < K. Therefore, 



1 



rT 




'0 



aj{t,x - y)\i'At)\\Iu{t,x)\^\uh{t,y)\^\ui{t,y)\^dxdydt 
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~ ^ll-^^lli^L2([o_T]xR2)ll-^'"llij°=_^([0,T]xR2)ll'"'illLf=L2([o_T]xR2^ ^ 

Finally, by Young's inequality and (j8.24p . 



1 



\dtaj{t, X — x)\\VIu{t, x)\\I{\u\ u){t, y)\\Iu{t, y)\dxdydt 

C 



< -^\\Iu\\LfL^ II V^^llLf,. II^^IIl^L- WMlfL, 



(J 

+ ;^ll-^(l'"l^^) ~ \^'^\'^i^u)\\^3/2^Gj5\\Iu\\^L^\\VIu\\Lc.j^e.\\Iu\\L^^ < o{K)C. 
This concludes the proof of theorem 18.21 which in turn proves theorem 18.11 □ 

Theorem 8.3 There does not exist a minimal mass blowup solution with N{t) < 1, N{t)^dt = 

CO. 

Proof: Suppose there did exist a minimal mass blowup solution with N{t) < 1 and N{t)'^dt = 
oo. By theorem 18. H 

\\\V\'/^\Iu{t,x)\^\\l, (roT]xR2)^ sup M^(t) + o(i^). (8.46) 



aj{x — y)Iu{t,x)Iu{t,y){dj — i^j{t)){Iu{t,x)Iu{t,y))dxdy 
~ ll-^"llij«L2([o,r]xR2)ll(^i - «Cj(*))-^^llLrii([o,r]xR2)- 

Since N{t) < 1, 

\\{dj-iCj{t))Iuh2jn'^)< o{N,)<oiK). 

l<Ni<K 

Also, 



aj{x—y)Im[Iu{t,x)Iu{t,y)iS^j{t)Iu{t,x)Iu{t,y)]dxdy = J J aj{x—y)\Iu{t,x)\ \Iu{t,y)\ ^j{t)dxdy. 

(8.47) 

Since \Iu{t,x)\^\Iu{t,y)\^ is symmetric in x and y and aj{x — y) is anti-symmetric in x and y, this 
implies 

||lVr/2|/t,(t,x)!2||2,^(j_^^^j^^,) < o{K). (8.48) 

There exist x{t),^{t) : R — )• such that there is a function < C(?7) < oo defined for any 
< rj < oo such that 



81 



/ \u{t,x)\^dx+ f \u{t,i)\^di<r]. (8.49) 

J\x~^x{t)\>^^ J\£-m\>C(n)N(t) 



By Holder's inequality and the Sobolev embedding theorem, 



/ m2 \Iu{t,x)\'^dX 



N(t) 

2 2 



Now for K > C{-^^) we have 



< I „2 \Iu{t,x)\ dx. 

|x-x(i)l<%^ 



Therefore, 

r mtN{tfdt< r N{tf{l 2 \Iu{t,x)\^dxfdt 

Jo J-T J\x-x(t)\<S^ 

But /q' N{tfdtr^K gives a contradiction for K sufficiently large. Therefore, the proof of theorem 
T3]is complete. □ 



This excludes the last of the minimal mass blowup solutions, proving theorem 11.61 □ 
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